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1. Introduction

This paper studies generalized versions of the following prob-
lem, which was attributed to A.N. Kolmogorov by Makarov (1981):
Let X and Y be two random variables with given distribution func-
tions F; and F,, respectively. Let G, denote the distribution func-
tion of a function v : R> — R (e.g., the sum) of X and Y.
Find G, (x) = inf{Gy (x)}, where the infimum is taken over the
Fréchet-Hoeffding class F(F;, F,) consisting of all joint distribution
functions with marginals F; and F,. In this paper, we will be con-
cerned with generalized versions allowing for partial information
on the dependence structure between X and Y, in which case the
infimum is taken over well-defined subclasses of F(Fy, F>).

Besides being theoretically challenging, the problem described
above is highly relevant in risk management: it is equivalent to
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0167-6687/$ - see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.insmatheco.2008.12.004

finding worst case scenarios for the Value-at-Risk for a function
of two risks (random variables) when the marginal distributions
of the risks are known but the dependence structure between the
risks is unknown, or, as in this paper, only partially known.

In the complete absence of partial information on the de-
pendence structure, the problem of Kolmogorov was solved by
Makarov (1981) for the case that G is the distribution function of
the sum of X and Y with given marginals F; and F,. Using different
routes, the same problem was solved by Riischendorf (1982, dual
approach) and by Frank et al. (1987, copula-based approach).

The presence of partial information on the dependence
structure may conceivably allow obtaining tighter bounds. For
instance, if a lower bound on the copula of X and Y - sharper
than the Fréchet-Hoeffding lower bound - is available, Williamson
and Downs (1990) provide a general method to produce tighter
bounds; see Section 2 for details. Such a lower bound need not be
described parametrically or even have a closed-form expression. It
could, for example, be represented in a lookup table. It motivates
the search for lower bounds on the copula. However, in many
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Fig. 1. The Fréchet-Hoeffding bounds and the product copula.

cases, partial information on the dependence structure does not
trivially translate into a lower bound on the copula. In this paper
we will carry out some of such non-trivial translations, establishing
some new copula bounds in the presence of partial nonparametric
dependence information.

One of our aims is to investigate and illustrate the effectiveness
(or in some cases rather, lack thereof) of different types of
information on the dependence structure in bounding the Value-
at-Risk. To some extent the paper is meant as an educative warning
that, contrary to what is quite often thought in the insurance
and financial industry, the Value-at-Risk may vary widely even
when the marginals and a nonparametric dependence measure,
such as the value of a measure of association, are fixed. Readers
should thus be careful of adopting in this context the commonly
used multivariate inference techniques that implicitly assume
otherwise. The same problem for the Tail-Value-at-Risk is also
briefly discussed.

Other work related to the problem of Kolmogorov includes,
without being exhaustive, Denuit et al. (1999), Nelsen et al. (2001,
2004), Dhaene et al. (2002), Nelsen and Ubeda Flores (2004), Denuit
et al. (2005), Embrechts et al. (2005), Embrechts and Puccetti
(2006) and Laeven (2009).

The outline of this paper is as follows: In Section 2 we
briefly review some probabilistic theory of copulas in view of
the problem under study. In Sections 3-5 we derive new copula
bounds in the presence of nonparametric information on the
dependence structure. In Section 6 we use these copula bounds
to obtain bounds on the Value-at-Risk and study the effectiveness
of different types of nonparametric dependence information in
bounding the Value-at-Risk. Section 7 briefly studies worst Tail-
Value-at-Risk scenarios. We finish with an open problem in
Section 8 and some concluding remarks in Section 9.

2. Preliminaries

We fix a probability space (£2, #,P) and consider two
continuous random variables (r.v.’s) X and Y defined on it. We
denote by F(x,y) = P[X < x,Y < y] the joint distribution
function (d.f.) of (X,Y) and denote by F;(x) P[X < x] and
F,(y) = P[Y < y] the marginal d.f.’s. We assume throughout that
the marginal d.f.’s are given while the joint d.f. is unknown.

Abivariate copulais a functionC : [0, 1]> — [0, 1] that satisfies
the boundary conditions

C(u,0) =C(0,v) =0,

Cu,1) =u, C(,v) =v,

for every u, v € [0, 1], and is 2-increasing on [0, 1]?, i.e.,
C(uz, v2) — C(uz, v1) — C(uy, v2) + C(ug, v1) > 0, (M

for all uy, up, vy, v, € [0,1] with u; < uy and v < vy
Equivalently, a bivariate copula is a bivariate d.f. with domain
[0, 1]? and uniform (0, 1) marginals. Every bivariate copula C
satisfies the Fréchet-Hoeffding inequality

W(u,v) = max{0; u+v—1}
C(u, v) < min{u; v} = M(u, v),

=

for every (u, v) € [0, 1]%. Here, the Fréchet-Hoeffding bounds W
and M are themselves bivariate copulas. A third copula that plays
an important role is the product copula IT(u, v) = uv. Fig. 1 plots
the copulas W, M and IT1.

It is straightforward to verify that for a given bivariate copula C
and given marginals F; and F,, the function F defined by

F(Xv.y) :C(Fl(x)’FZ(y))’ (2)

is a bivariate d.f. with marginals F; and F,. Sklar (1959) proved
that also the converse is true: for a given bivariate d.f. F with

(x,y) € R?,
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marginals F; and F, there exists a bivariate copula C satisfying
(2). Whenever F; and F, are continuous, C is unique. Because only
bivariate problems are studied in this paper we will henceforth
refer to a bivariate copula as a copula.

For later reference, we also define the dual of a copula: the dual
of a copula C is the function C defined by C(u, v) = u+v—C(u, v).
We note that C is not a copula. However, when C is the copula of a
pair of r.v.’s X and Y (in the sense of Sklar),

PIX < xorY <yl = C(F(x), L))

In what follows, we consider three measures of association:
Kendall’s tau, Spearman’s rho and Blomqvist’s beta. Let (X7, Y;) and
(X2, Y2) be two independent and identically distributed random
vectors, with joint d.f. F. Then the population version of Kendall’s
tau is defined by

T = 1y = P[(X; — Xp)(Y; — Y3) > 0]
—P[(X1 — X2)(Y1 — Y2) < O];

it is the probability of concordance minus the probability of
discordance. The population version of Spearman’s rho is simply
the linear (or Pearson’s product-moment) correlation coefficient of
F1(X) and F,(Y). Denote by (X3, Y3) another random vector with
joint d.f. F that is independent of (X;, Y;) and (X5, Y»), then an
elegant formulation of Spearman’s rho in terms of concordance and
discordance probabilities is

o = pxy =3 (P[X; —X2)(Y1 — Y3) > 0]
— P[(X; —X2)(Y1 — Y3) < 0]);

the pair (X3, Y») could be used equally as well. Finally, Blomqvist’s
beta is defined by

B = Bxy =PIX =X —y) > 0]
—P[X —X)(Y —)) <0,

where x and y denote medians of X and Y, respectively.

When X and Y are continuous r.v.’s with copula C, Kendall’s tau,
Spearman’s rho and Blomgqyvist’s beta for X and Y are functions of
C, and are given by

xy =7(0) = 4// C(u,v)dC(u,v) — 1; (3)
[0,1]2
oxy = p(C) = 12// C(u, v)dudv — 3; (4)
[0,1]2
Bx.y = B(C) =4C(1/2,1/2) — 1. (5)

Knowing the value of a measure of association may allow one
to improve the Fréchet-Hoeffding bounds. Nelsen et al. (2001) and
Nelsen and Ubeda Flores (2004) derive pointwise best-possible
lower bounds on the bivariate copula for given values of Kendall’s
tau, Spearman’s rho or Blomqvist’s beta. In particular, they show
thatif C,(u, v) = inf{C(u, v) | Cisacopula, a(C) = a},

C.(u,v)

=max{0; u+v—1; %(u+v—m)}; (6)

C,(u,v)

= max 0;u+v—l;%(u—i—v—(b(u,v,p))}; (7)

Cylu,v)

1 1 1
= max O;u—i—v—];ﬁi—(f_u) _<,_v> };
4 2 + 2 +

with

Wl

1

W, v.p) = 3 ((9(1 — p)+3V/8(1 = p)? = 3u - v)°)

+ (9(1 —p) —3y/9(1 = p)? — 3(u — v)ﬁ)é) ,

and x; = max{0; x}. Notice that whenever the value of Kendall’s
tau is positive, C_ is an improvement over W. Furthermore,
whenever Spearman’s rho is larger than — % <, is an improvement
over W. Finally, for any 8 > —1, Cg is an improvement over W.

The copula lower bounds C,, @ € {7, p,B }, are pointwise best-
possible (or sharp) meaning that they are attained and therefore
cannot be made narrower: for any given (u, v) € [0, 1]> and any
given value « for the measure of association under consideration,
there exists a copula G, , , satisfying «(Cy o) = o such that
Cupo,v) = C,(u,v) and Cypo@',v) > C, @, 0") for all
', v") e [0, 1%

Remark 2.1 (On C, and Complex Values). If one letsa = u — v and
b =1 — p, then ¢ has the form

3¢(a, b) = (9b +3vop2 — 3a6)% + <9b — 3y — 3a6)% .

When 9b% — 3a® > 0, ¢ is clearly real-valued. When 9b* — 3a® =
—d?> < 0 (withd > 0), then 3¢ can be written as 3¢(a, b)) =
213 +7'/3 where z = 9b + 3id. Because arg z and argz both lie in
(—m, ) and argz = — arg z, using the principal value of the cube
root, z!/3 and z'/3 are themselves complex conjugates. Hence 3¢ is
real-valued. Therefore, with ()3 denoting the principal value of
the cube root when the argument is not real-valued, C 0 is always
real-valued.

It will be useful (in the proof of Theorem 3.2) to know that ¢
is non-negative. When 9b*> — 3a® > 0, 9b> — 3a® lies between 0
and 3b, so that ¢(a, b) > 0. In the complex case, the real parts
of z and Z are both positive since argz'/* and argz'/® both lie in
(—m /3, /3).

We note that C_ and C,are copulas,butt(C,) < rand p(C,) <
p forall r,p € (—1, 1). On the contrary, the copula (o satisfies
,B(Qﬂ) = . Figs. 2 and 3 plot the copulas C_, <, and Gy for given
values of t,p and .

When a lower bound on the copula is available, following
Williamson and Downs (1990), pointwise best-possible upper and
lower bounds on a function of the r.v.’s X and Y can be derived.
Let ¥ : R> — R be a measurable function that is non-decreasing
in both coordinates and left-continuous in the second coordinate.
Furthermore, let the copula C be such that

F(x,y) = C(F1 (%), X)), (9)

for all (x,y) € R?. We denote by F; the left-continuous version of
the d.f. F;, i = 1, 2. From Embrechts et al. (2003, Theorems 3.1 and
3.2) and Embrechts and Puccetti (2006, Theorem 3.1), we have that
for any given number s € R

sup {C(F1(x). Fy (¥z(s))} < PV (X. Y) <] (10)
<PlY (X, Y) <5 < inf {CF.0. (6} (1n
Here

Yz(s) =sup{y e R| ¥ (x,y) <s}, and
Yz(s) =sup{y e R| ¥ (x,y) <s},

for fixed x € R. Moreover, there always exist copulas C; and G¢
(dependent only on t and t, respectively) such that if the joint d.f.
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Fig. 2. Lower bounds on the copula for a given z,p or 8.

Fig. 3. Lower bounds on the copula for a given z,p or 8.
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of X and Y is G (F;(x), F»(y)) then
sup {CF1(0), Fy ()} =Py (X, Y) <s] =t,

while if the joint d.f. is Gz(F; (x), F>(y)) then
inf {C(Fi(0, L)} =PIV (X, Y) <s]=t.

Example 2.1. Let ¥ (x, y) = x+y and let F; and F, be uniform (0, 1)
laws. Furthermore, let C be as in (6) for a given number 7. In this
case, ¥z(s) = s — x and the LHS of (10) becomes

1
sup {max{O; s—1; = (s—\/(Zu—s)2+1—r)H.
ue(0,1) 2

Hence, we find that

inf {P[U+V <] | tyv}
1
:max{o; s—1, 3 <s—\/1 —fu,v)},

with U and V two uniform (0, 1) r.v.’s having a Kendall’s tau of 7y .

We state the following definition:

Definition 2.1. The Value-at-Risk (VaR) at probability level p €
[0, 1] for ar.v. Z with d.f. G is defined as

VaR,[Z] = inf{x € R | G(x) > p}, (12)

where, as usual, inf{)} = +o0o by convention. Notice that VaR,
is a left-continuous function of p. It is the generalized inverse
of G, meaning that upon inversion bounds on G transform into
equivalent bounds on VaR,,.

Remark 2.2. Notice thaNt the lower bound C determines both the
lower and (via its dual C) the upper bound on the probabilities in
(10) and (11). Consequently, upper and lower bounds on the VaR
are both determined by a lower bound on the copula.

Remark 2.3. Whenever C satisfies (9) but is not a copula, the
bounds in (10) and (11), hence the equivalent bounds on
VaR, [ (X, Y)], are bounds but may fail to be sharp.

3. When the risks are PQD and 7 or p is given

The r.v.’s X and Y are said to be positively quadrant dependent
(PQD) if for all (x, y) € R?

PIX <x, Y <y] = P[X <x]P[Y <],
or equivalently,
PlY <y|X <x] =P[Y <yl].

When X and Y are continuous r.v.’s with copula C they are PQD if
and only if

C(u,v) > II(u, v),

for all (u,v) e [0, 1]% As is well known, C > I7 implies that
7(C), p(C) > 0. However, the converse is not true.
Some remarks:

Remark 3.1. We warn the reader that C > IT is a rather strong as-
sumption and assuming it while “not fully” appropriate may lead
to a significant undervaluation of the worst VaR scenario. This is a
consequence of the fact that the notion of PQD establishes a partial
rather than complete order in the class of bivariate copulas. Assum-
ing C > IT excludes all copulas that are not comparable to /7.

Remark 3.2. The notion of PQD is implied by many other positive
dependence notions such as tail monotonicity, stochastic mono-
tonicity, corner set monotonicity and likelihood ratio dependence;
see Section 5.2 of Nelsen (1999) for details.

Remark 3.3. The interested reader is referred to Denuit and
Scaillet (2004) for nonparametric tests for PQD.

Remark 3.4. Asis well known (see e.g., Proposition 5.3.9 of Denuit
et al. (2005) or Dhaene and Goovaerts (1996); and Proposition
3.4.29 of Denuit et al. (2005) or Wang and Dhaene (1998)), when
ther.v.’s X and Y are PQD,

E[(XT+Y" —d)] S E[X+Y —d)]

< E[X 4+ Y —d),],
foralld € R provided that the expectations exist. Here, the random
vectors (X*, Y1) and (X¢, Y°) have the same marginal d.f.’s as the
random vector (X, Y),X* and Y+ are independent r.v.’s,and X¢ and

Y¢ are comonotonic r.v.’s. In actuarial mathematics, E[(X+Y —d) . |
is known as the stop-loss premium of X + Y at a retention level d.

We state the following theorem:
Theorem 3.1. Let C be a copula and suppose that T(C) = v > 0and

that C > I1. Then C(u, v) > Cpqp . (u, v), for all (u,v) € [0, 1],
with

QPQD,I(U, v)
=max{uv;;<u+v—\/(u—v)2+l—r)}. (13)

The bound Cpqy, , is pointwise best-possible and is itself a copula.

Proof. Fix T € [0, 1]. Theorem 3.2.2 of Nelsen (1999) states that
any copula C satisfying C(a, b) = 6 for given values (a, b) € [0, 1]?
and 6 € [0, 1] must satisfy C(u, v) < E(aﬁb),g(u, v), forall (u,v) €
[0, 1]%, with

min {u; v; 6}, [0, a] x[0, b];
— _Jmin{u; v—b+ 6}, [0, a] x[ b, 1];
CamohV) =1 Hintv: u—a+6). [a, 1] x[ 0, b];
min{u; v; u—a+v—b+6}, [a 1] x[b,1].

One easily verifies that E(a,b)_g > IT (assuming 6 > ab) and
therefore the additional information that C > I7 would not
improve this upper bound.

Following the proof of Theorem 2 of Nelsen et al. (2001), we
calculate Kendall's tau for Cpye: T(Cap,e) = 1 — 4(a —
0)(b — 6). Notice that C < C(p) ¢ implies that 7(C) <
T(E(a’b)ﬁ) or equivalently t(C) < 1 — 4(a — 6)(b — ). Solving
for the feasible root of 1 — 4(a — A)(b — A) = 1t yields

A= %(a—l—b—\/(a—b)z—i—l—r).ltfollowsthat@ > % and

consequently that C(a, b) > max{ab; A}.

To prove that (13) is pointwise best-possible we need to prove
that for any (a, b) e [0, 1]? there exists a copula C satisfying
7(C) = 7t and C > II such that C(a, b) = max{ab; A}. We
distinguish between two cases. Case 1: A > ab. For this case E(a’ by,
satisfies T(Cqp)2) = T, Caps = IT and C(gp;(a, b) = A. Case
2: A < ab. For this case, C;, = aCipy.ap + (1 — )1, & € [0, 1],
is a family of copulas of which each member satisfies C, > IT and
C,(a, b) = ab. Furthermore, 7(C,) is a continuous function of «
satisfying 0 = t(11) < t(C,) < T(E(a,b),ab)- It now follows from
the intermediate value theorem that there existsana € [0, 1] such
that 7(C,) = 7.

We finally prove that Cpq, , is @ copula. We will show directly
that the 2-increasing condition is satisfied, i.e., the Cpqp, -volume
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V of every rectangle [a, b] X[ c, d] is non-negative. Let us write
Cpgp. (U, v) = max{uv; f(u, v)} where

fu,v) = (u—i—v—\/(u—v)z—i—l—t).

The boundary between the subset of [0, 1]> where C, pp, - (U, V) =
uv and where Cpqp, . (U, v) = f(u, v) is the curve uv = f(u, v), or
4uv(1 —u)(1—v) =1— 7, with Cpap. (U, v) = f(u, v) inside the
curve and Cpqp, , (4, v) = uv outside. If [a, b] X[ c, d] lies entirely
outside the curve, then clearly V([a, b] x[c, d]) > 0.If[a, b] x[c, d]
lies entirely inside the curve, then V([a, b] x[ c¢,d]) > 0 since
3*f/oudv = 1 (1 —1/[(w—v)>+1—1]*?) > 0. The only
other rectangles that need to be considered are those where the
boundary curve enters the rectangle at one corner and exits the
rectangle at the diagonally opposite corner. For example, if the
curve enters the rectangle [a, b] x[ c, d] at (a, d) and exits at (b, ¢)
and Cpqp , (u, v) = uv below the curve and Cpyp . (U, v) = f(u, v)
above the curve, then

V([a, b] x[c,d]) = f(b,d) —ad — bc + ac
> bd —ad — ab + ac
=((b-—-a)(d-c)=0.

Other cases are similar. This completes the proof. O

We note that C, pQp.; 1S an improvement over /7 only for large
values of 7 ( > 3),

Theorem 3.2. Let C be a copula and suppose that p(C) = p > 0and
that C > I1. Then C(u, v) > Cpqp ,(u, ), for all (u, v) € [0, 1%,
with

1
; 5(U+v—¢(u, v, 0)) (- (14)

Cpgp, » (U, v) = max {uv

The bound Cpqp, o is pointwise best-possible and is itself a copula.

Proof. The first part of the proof of this theorem mimics the
proof of Theorem 3.1. To prove that Crap.p is a copula let us
write QPQD,p(u’ v) = max{uv; g(u,v)} where g(u,v) =
% (u+ v — ¢(u, v)). Here the boundary curve uv = g(u, v) is
6uv(l — u)(1 — v)(u + v — 2uv) = 1 — p. To complete the
proof we need to show that (see also the proof of Theorem 3.1)
0%g/0udv > 0 (or equivalently, 3%2¢/dudv < 0) inside the curve.
But since ¢ satisfies the equation ¢> — (u — v)?¢ = 2(1 — p)/3,

we have
% —69[3¢* + (u—v)*1[¢* — (u—v)?]
udv [3¢2 — (u — v)?] ’

When ¢ = 0, 3%2¢/dudv = 0. When¢ > 0, ¢?> — (u — v)? =
2(1 — p)/3¢ > 0, so that 3¢p> — (u — v)®> > 0 as well. Thus
0%¢/dudv <0. O

We note that C Cra,p is an improvement over /T only for large

values of p (p > —) Fig. 4 plots the copulas Cpqp, . and Cpqp , for
given values of © and 0.

4. When both 7 or p and § are given

We state the following theorem:

Theorem 4.1. Let C be a copula and suppose that t(C) = t and
that C(3.3) = EFY = & Then Cu,v) > C,4(u,v), for all
(u,v) € [2, 1]%, where

C.p,v)
—max{u+u—1- &; 1(ll-f—v—\/(u—v)z—1-1—4(5—52)>}
= L .

(15)

The bound C P is pointwise best-possible whenever C_ 8 (u,v) + &
> 1.

Proof. Suppose that a copula C satisfies C(3, 3) = £ = £ and

C(a,b) = 0 for given values 8 € [0, 1], (a,b) € [0, 1]*> and

6 € [0, 1]. We will first derive an upper bound on C, extending

Theorem 3.2.2 of Nelsen (1999). We assume a, b > %; the other

three possible domains are similar. We distinguish between the

following cases:

1. (u,v) € [0, ] [0, 1]: Then C(u, v)<C(2,2)_§andhence
C(u,v) < mm{u v; £}

2. (u,v) € [3, 11x]0, 1) Then C(u, v) < C(u, 1) < E+u—g <u,
and hence C(u,v) < min{v; § +u—3}.

3. (,v) €[0, 3] x[3,1]: ThenC(u,v) < C(3,v) <E+v—1 <
v, and hence C(u, v) <min{u; §+v— —}

4, (u,v) € [2, al x[ 1 3, b]: Then C(u, v) < 6. Furthermore, since
[u, 1] x[ v, 1] is a subset of [2, 1] x[ 1, 1] it follows from the
2-increasing property of a copula that 1 — u — v + C(u, v) <
1—1—1+& orequivalently, C(u,v) <u—1+v—1+&.
Hence, C(u, v) < min{u; v; 6; u— 3 4+v—1+&}

5. (u,v) € [a,1] x[ %,b]: Then C(u,v) < C(u,b) < 6 +
u — a < u. Furthermore, since [u, 1] x[ v, 1] is a subset of
[u, 1] %[ % 1] it follows from the 2-increasing property of a
copulathat 1 —u—v+Cu,v) < 1—u—J+&+u—1
or equivalently, C(u, v) < u— 3 4+v— 3 +& Hence, C(u, v) <
min{v; 0 +u—a; u—34+v—1+&}

6. (u,v) € [5.a] x[ b, 1]: Then C(u,v) < C(a,v) < 6 +
v — b < v. Furthermore, since [u, 1] x[ v, 1] is a subset of
[%, 1] x[ v, 1] it follows from the 2-increasing property of a
copulathat 1 —u—v+Cu,v) <1—3—v+&+v—1
or equivalently, C(u, v) < u— 3 +v— 3 +&. Hence, C(u, v) <
min{u; 6 +v—b; u—3+v—4+E&}.

7. (u,v) € [a, 1] x[ b, 1]: Then since [u, 1] x[ v, 1] is a subset
of [a, 1] x[ b, 1] it follows from the 2-increasing property of
acopulathat 1 —u — v+ Cu,v) < 1—a—>b+6,or
equivalently, C(u,v) < u—a+ v — b+ 6. Hence, C(u,v) <
min{u; v; u—a+v—>b+6}.

In sum,

C(u, v) < Cg (apy.oU, v)

1 1

min {u; v; &}, _0, 5_ X _0, 5_;

X 1 ) 1] i 1_.
min u—5+é, v}, _5,1_X_0,5_,

X ) 1 1] M1 _‘
min u,v—i—i—é}, _O’E_X_E’l_’

- min {u; v; G;u—l—i-v—l—l—é}, l,a X l,b ;

2 2 12 | 12 |

1 1 1
i - 0, v; u— - - = , o1 = bl;
minju—a+#6; v; u 2+v 2—1—5} [a ]><[2 ]

LU LI I
2+v— +&7, 2,a x [b, 1];

minyu; v—b+6; u— 5
[a, 1] x[ b, 1].

min{u; v; u—a+v—b+ 6},

We note that Cg (q b0 is a copula (in particular, a shuffle of the
copula M; see Nelsen (1999), pp. 59-64) if and only if £ + 6 > 1.
In this case, using the same notation as Nelsen (1999),

_ 1 1
Cﬂ’(ﬂ,b)ae =M (7’ {[0’ E]a |:Ev 2] ) |:27 1

[9,0],[a,a+b—9],[a+b—9, ]]} 3(17372743 63577)7 1>‘

_5]5[1_559]7
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Fig. 4. Lower bounds on the copula for a given 7,p or 8 under PQD.

Notice that Cg (q)6(3,3) = & and Cpap).0(a,b) = 6. Hence,
whenever £ + 6 > 1, it is pointwise best-possible.

Following the proof of Theorem 2 of Nelsen et al. (2001),
we calculate Kendall's tau for Cg )¢ by using the following
expression, equivalent to (3) (we will not assume that £ +6 > 1,
calculating 7(Cg (q,b),0) also when Cg (q,p) ¢ is NOt a true copula):

xy = t(0)

1 1 P 9
1-— 4/ / —C(u, v)—C(u, v)dudv.
0 0 u ov

To compute the double integral, we distinguish between the
following cases of relevance:

1. (u, v) € [a, 1] x[ b, 1]: Then the integrand is different from 0
incasebothu—a+b—v+60 <uandu—a+b—v+6 <.
Hence, we compute

a+b—6 pa+b—6
f / dudv = (b —6)(a — 6).
a b

2. (u,v) € [5.a] x[ 3. b]: Then the integrand is different from 0
incaseu—1+v—14+&<uu—J+v—-2+&<vand
u—1+v—1+& <6.Hence, we compute

min{a; 1—§} max{%; min{b; 1-&; 1-§+0—u}}
/ f dudv
1 1

2

(e l)

Hence,

— 1 2
T(Cp ) =1—4|(a—0)(b—0)+ <1 —&— 5)

Notice that C < Cg (a0 implies that 7(C) < T(Cp (an).0),
irrelevant of whether Cg (450 is a true copula. Solving (with
respect to A) for the feasible root of

1—4((a—k)(b—k)+(1—$—%)2>:r

yields

A:%<a+b—\/(a—b)2—r+4(.§—$2)>.

It follows that & > A and consequently that C(a, b) > max{a + b
— 1; &; 2} whenever (a, b) € [3, 1]

To prove that (15) is pointwise best-possible whenever
gfﬁ (u, v) + & > 1, we need to prove that for any (a, b) € [%, 172
with C.p(a, b) +£& > 1 there exists a copula C satisfying 7(C) = t
and B(C) = B such that C(a,b) = max{a+ b — 1; &; 1}. We
distinguish between two cases. Case 1: A > max{a + b — 1; &}.
For this case Cﬁ,(a,b),k satisfies T(Cﬁ,(a,b),k) =T, ,B(Cﬂ,(a,b),k) = ﬁ
and Eﬁ,(a,b)yl(a, b) = A Case2: A < max{a + b — 1; &}. For
this case C;, = aCg (a,p), maxfath—1; £} + (1 — a)gﬂ, o € [0,1],is
a family of copulas of which each member satisfies 8(C,) = S and
Cu(a, b) = max{a+ b — 1; &}. Furthermore, 7(C,) is a continuous
function of « satisfying r(gﬁ) < v < ©(Cg (a,b),max{a+b—1; £})- It
now follows from the intermediate value theorem that there exists
an « € [0, 1] such that 7(C,) = 7. This completes the proof. O

The expressions for Cip (u, v) on the domains (u, v) € [0, %]2,
(u,v) € [0, 31x[3, 1]and (u, v) € [}, 1]x[0, ;] canbe derived in
a similar way. Also, using the same method of proof, a lower bound
on the copula can be derived when both p (rather than 7) and 8
are given. The expressions and their derivations are not displayed
in this paper to save space. The effectiveness of knowing both p
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Cro98=05 i
Fig. 5. Lower bounds on the copula for a given t and B.

and B in bounding the VaR, is comparable to the situation in which
both 7 and g are given.

Remark 4.1 (On Cop and Complex Values). Notice that C (%, %) <

& (=¥) should hold for any (feasible) T — 8 combination and that

equality is attained whenever 4(£ — £2) = t holds. It means that
for any (feasible) r — 8 combination C_ P is always real-valued.

Fig. 5 plots the lower bound C P for given values of 7 and .

5. When the risks are PQD and g is given

From Theorem 3.2.2 of Nelsen (1999), one easily derives that
any copula C with C(a, b) = 0 for given values a, b and 6, and
C > IT must satisfy

max {uv; u—a+v—b+6}, [0,a] x[0,b];
max {uv; u—a-+ 06}, [0,a] x[ b, 1];

Clu,v) = max {uv; v — b+ 6}, [a, 1] x[ 0, b]; (16)
max {uv; 6}, [a, 1] x[ b, 1].

We note that the function on the RHS of (16) is not in general a
copula as it is not 2-increasing, i.e., it does not satisfy condition (1)
(consider for examplea = 0.5,b = 0.5,6 = 0.36,u; = 0.36,u; =
0.4, v; = 0.6 and v, = 0.65). Also, min{v; max{uv; u-+a— 0}}
and min{u; max{uv; v+ b — 6}}, though satisfying the boundary
conditions, are not copulas as they are not 2-increasing.

The question arises whether the lower bound in (16) is point-
wise best-possible. We state the following theorem, answering this
question for the case thata = 1 and b = 1:

Theorem 5.1. Let C be a copula and suppose that B(C) = f > Oand
that C > I1. Then C(u, v) > Cpqp 4(u, v), for all (u, v) € [0, 1%,
with

QPQD,ﬁ(u» v)

=max{uv;ﬁ+1—<1—u) —(1—1)) } a7
4 2 " 2 i

The bound Cpqp, P is pointwise best-possible whenever Cpqp, 8 (u, v)+
B> 1, () e [, 112

Proof. Substitutinga = 1,b = 1 and§ = £} in the RHS of (16)
readily yields the lower bound (17).

To prove that (17) is pointwise best-possible whenever
Cpap,p (U, v) + ’%” > 1, (u,v) € [2,1]? we need to prove
that for any (a,b) € [, 1]? there exists a copula C satisfying

BOC = B = 0 and C > IT such that C(a,b) =

max {ab; El-(3-a,-(3- b)+}. Recall that Cpqp, 4 is not

in general a copula and therefore, though satisfying 8(Cpqp_ ﬁ) =
B and Cpyp g = 11, should not be used to prove sharpness of

the bound. However, one easily verifies that the copula Eﬁ,(a,b),@
defined in the proof of Theorem 4.1 satisfies these conditions
whenever

9=max{ab;ﬁ+1—<1—a) —(l—b> }
4 2 . \2 N

This proves the stated result. O

We note that Cpyp 4 is an improvement over /7 for any g > 0.
Fig. 4 plots the lower bound Cpqp, 8 for a given value of .

6. Worst VaR scenarios

In this section, we derive explicit upper and lower bounds
on the VaR under various sets of assumptions on the marginals,
the measures of association and other dependence properties.
We then assess the effectiveness in bounding the VaR for the

different sources of dependence information. We restrict attention
toy(x,y) =x+y.

6.1. Uniform marginals
6.1.1. When t, p or B is given

Let F; and F, be uniform (0, 1) laws. Substitution of C_, gp and
Gy ((6)-(8))in (10) and (11) yields the following inequalities:

1
max 10; s —1; 2(5—\/1—ru,v)}§P[U+V<s]

1
SP[U-I-VSS]EmiH{l; s; 5(5+ 1—ru,v>};

1 1-—
max30; s—1; fs—f/ﬂ <P[U+V <5s]
2 12
1
2

1—
s—|—3 ,Ou,v];

<P[U+V <s] <min{1; s; =

~ Buy +1

max{O;s—l, 2 —(1—s)+}§]P’[U—|—V<s]

Buyv +1

<P[U+V <s]<mini{l;s; 1—

+(s—1)+}.

Here U and V are two uniform (0, 1) r.v.’s having a measure of
association of 7y v, py,v and By.v, respectively. Hence, we find that

p e (0, m]i] < VaR,[U + V]

pe(/1—1tyv, 1]

D,
2p—1—1yy,

< {Zp—l—\/l -1y, PE0,1—/1—-1vl;
- 1+P, pe(l—\/l—fu,v,l].

< VaR,[U + V]

1—puyy

: elo2)———1:
p p ( 12 i|

1-— 1—

3 Pu,v, pe 23/ pU,V7_1 .
12 12

1—puyy s/ 1—puy
p+2]——=, pefo,1—2]—F;
P+ 12 P ( 12

‘l_
1—2,3//)““’,1]

2p—2

<

1 , €
+p p 12
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1
P, pe(al—éﬂgiq;
< VaR,[U + V]
p+ﬁu,v+1 pe 1_5u,v+11 P
— — 1
Buyv +1 Buv+1
+p 2 , D€ , 2 ;
= Buy +1
1+, pe(‘ﬂ4,q.

6.1.2. When the risks are PQD and t, p or f is given
Substitution of Cpyp Cpap,, and Cpqp 4 ((13),(14) and (17)) in
(10) and (11) yields the following inequalities:

1 1
max{452; 2(5—,/1—1:11,‘/)} <P[U+V <s5s]

<P[U+V <5s]

< min{s 152 1(s+ 1 )
in{s— -s% — -1 :
= 4 2 u,v

1 1 1-—
max | —s%; — _ YT huv <PI[U+V <5s]
4 2 12
<PU+V <5s]
1 1 1-—
<min{s— —s% S J " Puv :
4 2 12
1 1
max{zsz; 'B%—(l—sﬁ} <P[U+V <5]
<PU+4V <5]
. 1, B+1
<min{s—-s 1 — —— s—1 .
< { 2 2 +( )+}

Here U and V are two uniform (0, 1) and PQD r.v.’s having a
measure of association of ty vy > 3/4, py.v > 13/16and By v > 0,
respectively. Hence, we find that

nmx{ZU——Jl—qﬂ;2p—,/]—ruv}§\hRﬂU—kV]
< min {2p +/1—wy; 2\/5} ;

1_
nmx{a1—,M-—m;2p—2ﬂ_é“v}g\m&mj+v1
]_
< min {2p+ 2,3/ % Zﬁ} ;

+1
nmx{Z(l—w/l—qﬁ;<p4—ﬁmN')H Puy }
{pe(1——7—.11}

4
< VaR,[U + V]
_ Buv+1

= min {(1 TP 4 ) Jipeo, Ay sty 2*/5} :

Here I4 denotes the indicator function of event A, taking the value
1if Ais true and 0 otherwise; and J4 takes the value 1 if A is true
and +o0 otherwise.

6.1.3. When both t and B are given
Lets > % Substitution ofgr’ﬂ (15) in (10) and (11) yields the
following inequalities:

max {s —1; % (s — \/4(~§U,v — &5 V) — Tu.v)}

0 0.25 0.5 0.75 1

Probability level p
Fig. 6. Bounds on the VaR for a given t and uniform (0, 1) marginals.

<P[U+V <5s]
<PU+V <5]

1
< min {1; 5 (S + \/4(%‘u.v —&5y) — rU,V)} .

Here U and V are two uniform (0, 1) r.v.’s having a measure of
association of ty v and By v = 4&y v — 1. Hence, we find that

2~ \J4Ey — &) —wy. pe @ 1L

< VaR,[U + V]

2+ /4y — ) — w.

) opewri- Jatuy —8 ) —wuk
1+p,

pe (p** V(11— \/4(§va — 55\/) - TU,V)a 1].

Here, p* = min {1; 3 (% + \/4(&,,\/ — &5, — ‘L’va)} and
p** = max [%, % (% - \/4(5U,v - 55,\/) - Tu,v)]-

6.2. Lognormal marginals

We now replace the uniform (0, 1) marginals by lognormal
(0, 1) marginals and repeat the substitution and inversion
operations of Sections 6.1.1 and 6.1.2. To save space we do not
display the obtained expressions for the bounds, but only include
the corresponding graphs.

6.3. Effectiveness

The effectiveness of different types of nonparametric informa-
tion on the dependence structure in bounding the VaR is easiest
studied on the basis of graphical illustrations; see Figs. 6-14. In the
graphs, darker colored areas are piled on top of lighter colored ar-
eas so that lighter colored areas are effectively included in darker
colored areas.

6.3.1. When t, p or B is given

Notice that for probability levels relevant in risk pricing and
risk management (p > 0.75, say) the upper bound on the VaR is
improved only for large values of t or p. Furthermore, notice that
information on g8 appears to be useless for this purpose. On the
contrary, the lower bound on the VaR when the probability level
tends to 1is improved forallt > 0, p > —0.5and 8 > —1.
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Fig. 7. Bounds on the VaR for a given p and uniform (0, 1) marginals.

0 0.25 05 0.75 1
Probability level p

Fig. 8. Bounds on the VaR for a given 8 and uniform (0, 1) marginals.

0 025 0.5 0.75 1

Probability level p

Fig. 9. Bounds on the VaR for a given t and lognormal (0, 1) marginals.

It is perhaps slightly counterintuitive that the upper bound on
the VaR decreases when 7,p or 8 increases. This can be explained
by the fact that the larger the t,p or § the larger the “distance”
between the (unimproved) lower bound W and C_, C o and C Py
respectively.

6.3.2. When the risks are PQD and t, p or B is given
From a comparison between Figs. 6-8 and 12-14, it becomes
apparent that the information that the risks are PQD is rather

100

0.1

0.01

0 0.25 05 0.75 1
Probability level p

Fig. 10. Bounds on the VaR for a given p and lognormal (0, 1) marginals.

0 0.25 0.5 0.75 1
Probability level p

Fig. 11. Bounds on the VaR for a given 8 and lognormal (0, 1) marginals.

0 0.25 05 0.75 1
Probability level p

Fig. 12. Bounds on the VaR for a given 7 and uniform (0, 1) and PQD marginals;
v =0.75,0.8, 0.9, 1 (from light to dark).

effective in bounding the VaR, both from above and from below.
For probability levels relevant in risk pricing and risk management,
additional information on t or p leads to improved upper bounds
only when 7 or p are large. Information on 8 seems to be useless
for this purpose (but recall that because Cpqp 4 is not in general a
copula, the corresponding VaR bounds may fail to be sharp). The
lower bound on the VaR when the probability level tends to 1 is
improved for most values of t > 3/4, p > 13/16 and 8 > 0. We
find again that the upper bound on the VaR decreases when 7, p
or B increases.
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0.5

Probability level p

Fig. 13. Bounds on the VaR for a given p and uniform (0, 1) and PQD marginals;
p = 13/16, 14/16, 15/16, 1 (from light to dark).

2

VaR

0.5

Probability level p

Fig. 14. Bounds on the VaR for a given 8 and uniform (0, 1) and PQD marginals
B =0,0.5,0.75, 1 (from light to dark).

6.3.3. When both t and B are given

Depending on the particular values of the measures of
association t and 8, the upper and lower bounds on the VaR may be
well improved for probability levels relevant in risk pricing and risk
management, with optimal effectiveness whenever 4(§ — £2) = ¢
holds. This means that knowing both t and g could conceivably be
significantly more informative in this context than knowing only t

or B.
7. Worst TVaR scenarios
We state the following definition:

Definition 7.1. The Tail-Value-at-Risk (TVaR) at probability level
p € [0, 1) for ar.v. Z with d.f. G is defined as

1 1
TVaR,[Z] = 7/ VaR,[Z]dgq. (18)
1-pJp
Equivalently,

TVaR,[Z] = VaR,[Z] + ﬁuz[(z — VaR,[Z])4]

1
inf ;Jd+ —E[(Z —d 19
it fa+ e - .1}, (19
where, as usual, inf{)} = 4-oo by convention. Notice that TVaR, is
a continuous function of p. It is the arithmetic average of VaR,[Z],
qe (11

A proof of the second equality in (19) is contained in Laeven
and Goovaerts (2004); see also the geometric proof of Dhaene et al.
(2008). Finding best-possible upper and lower bounds on the TVaR
is easier than finding best-possible upper and lower bounds on
the VaR. To show why this is so, we first introduce the notion of
supermodularity:

Definition 7.2. A function ¢ : R> — R is supermodular if for any
(x1,¥1), (x2,y2) € R?,

©x1,¥1) +9(X2,¥2) < @(X1 AX2, Y1 AY2)
+ (X1 VX2, ¥1 Vy2).

Then we state the following result:

Lemma 7.1. Suppose that there exist copulas C and C such that

CE®), RY) < F&y) < CFix), ), (20)

for all (x,y) € R% Let ¢ : R> — R be a measurable function
that is supermodular. Furthermore, let (X<, Y<) and (X©, Y) denote
two random vectors with bivariate d.f. C(F,F,) and C(Fy, F),
respectively. Then

TVaR,[p (XS, YO)] < TVaR,[p(X, V)]
< TVaR,[p(X, Y], pelo,1), (21)
provided that the TVaR’s exist.

Proof. By Proposition 6.2.5 of Denuit et al. (2005), (20) is
equivalent to

E[p(XS, YO)] < Elp(X, V)] < E[p(XS, YO,

for all measurable functions ¢ : R> — R that are supermodular,
provided that the expectations exist.

Let the function f : R — R be non-decreasing and convex.
Then (see e.g., Proposition 3.4.67 of Denuit et al. (2005)) f o ¢ is
supermodular too. It follows that,

E[(p(XS, YE) —d)1] < E[(p(X,Y) — d)4]
< El(@(XS,Y) —d),], deR,

provided that the expectations exist. This means that o(XE, Y9,
(X, Y) and ¢(X€, Y©) satisfy a stop-loss order relation (i.e., they
have ordered stop-loss premiums). Stop-loss order induces
ordered TVaR’s; see e.g., Proposition 3.4.7 (ii) of Denuit et al. (2005).
This completes the proof. O

Remark 7.1. In contrast to the VaR, for which upper and lower
bounds are both determined by a lower bound on the copula, upper
and lower bounds for the TVaR are determined by an upper and a
lower bound on the copula, respectively.

7.1. Uniform marginals

7.1.1. When 7 is given

Upper and lower bounds on the TVaR will be determined using
simulation. To simulate from C, (see (11) of Nelsen et al. (2001))
and C_ the following algorithm is adopted:

1. Simulate U and Z from a uniform (0, 1) distribution (with U and
Z independent).

2. Calculate C(v|u) = W and its generalized inverse.

3. SetV = C~1(Z|U). Then (U, V) is a drawing from C.

To calculate the corresponding TVaR,[U + V] we proceed as
follows:
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0 0.25 05 0.75 1
Probability level p

Fig. 15. Bounds on the TVaR for a given 7 and uniform (0, 1) marginals; t = 0,
—0.5, —0.8, —0.95 (from light to dark).
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TvaR
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0 0.25 0.5 0.75 1

Probability level p

Fig. 16. Bounds on the TVaR for a given 7 and uniform (0, 1) marginals; ¢ = 0,
0.5, 0.8, 0.95 (from light to dark).

1. SetS=U+ V.

2. Calculate the empirical d.f. of S and its generalized inverse
(i.e., the VaR of S).

3. Finally, calculate the TVaR by approximating the integral in (18).

The number of simulations carried out is 100,000. The results are
displayed in Figs. 15 and 16.

7.2. Effectiveness

The upper bound on the TVaR is improved whenever 7 < 0 (or
p < 1/2).0n the contrary, the lower bound is improved whenever
T > 0(or p > —1/2). In contrast to the VaR, both the lower and
the upper bound on the TVaR increase when 7,p or § increases.

The effectiveness of other types of nonparametric dependence
information in bounding the TVaR can be analyzed in a similar way.

7.3. Comparison between VaR and TVaR

We summarize below in a few statements the aggregation
properties of the VaR and the TVaR. We recall that both the VaR
and the TVaR are additive for sums of comonotonic r.v.’s. As the
reader may verify from the conducted analysis (and its graphical
illustrations):

e The comonotonic dependence structure (implying t = p =
B = 1) does not give rise to the worst VaR scenario.

e TheVaRis neither always subadditive nor always superadditive.

e The worst TVaR scenario is when the risks are comonotonic.

e The TVaR is always subadditive.

e The lower bound on the VaR is monotonically increasing in
the value of t,p or 8 while the upper bound on the VaR is
monotonically decreasing in the value of 7, p or 8.

———— e fau
0.5 1

T-p region.

C

7r=0.5,p=0.5 1
Fig. 18. Lower bound on the copula when both t and p are given.

e The bounds on the TVaR are both monotonically increasing in
the value of 7,p or 8.

e For probability levels relevant in risk pricing and risk manage-
ment, the upper bound on the VaR is improved only for large
values of 7 or p.

e The upper bound on the TVaR is improved whenever 7 < 0 or

p < %
8. An open problem: When both 7 and p are given

Let X and Y be continuous r.v.’s. Then

gy — 1 142ty — 12
us < pxy =< # %,y > 0;
2 2
Tqy + 2%y — 1 1+ 3z,
XX ZX’Y < pxy =< 5 XY xy < 0. (22)

Fig. 17 plots the 7—p region. The linear portion of the boundary of
the t-p region cannot be improved. It may be possible however to
improve the parabolic portion of the boundary of the t-p region;
see Nelsen (1999), pp. 144-146).

From (6) and (7) one easily verifies that for a given (feasible)
T-p combination a copula C with 7(C) = t and p(C) = p must
satisfy

1
C(u,v)Zmax{O; u+v—1; 5<u~|—v—\/(u—v)2~|—1—r);

1
E(U—}-v—(b(u,v,p))},

for all (u, v) € [0, 1]°. Fig. 18 plots the lower bound C., for given
values of T and p.

The question arises whether this lower bound is pointwise best-
possible, i.e., can we find for arbitrarily given values (a, b) € [0, 1]?
and a (feasible) T—p combination a copula C with t(C) = 7 and
p(C) = p such that
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C(a, b)

(a+b—\/(a—b)2+1—r);

N =

:max{o; a+b-—-1;
1
2(a—i—b—q&(a,b,,o))}.

Let us write %(a—e—b—\/(a—b)z—i-l—r) = 2 and

3(@+b—¢(a,b, p)) = Ay. Assuming that A1, A, > max{0; a +
b — 1}, we consider the following three cases:

1. A1 = X,: in this case the problem is trivial;

2. A1 > Ay: in this case the authors can find a copula C with
7(C) = t and C(a, b) = A but with p(C) > p;

3. A1 < Ap:in this case the authors can find a copula C with
p(C) = pand C(a, b) = A, but with 7(C) > t.

9. Concluding remarks

Our analysis has demonstrated that even when the marginal
distributions are given and the values of some commonly used
nonparametric dependence measures are known, the Value-at-
Risk for a function of two random variables may still vary widely. It
warns the reader against using multivariate inference techniques
that implicitly suppose that this is not so.

From our analysis it becomes explicit that the dependence
measures Kendall’s tau, Spearman’s rho and Blomqvist’s beta,
which effectively measure dependence in the central part of the
bivariate distribution, contain little probabilistic information for
the purpose of bounding the Value-at-Risk for probability levels
relevant in risk pricing and risk management. It motivates the
analysis and use of appropriate tail dependence measures.

The information that the risks are positively quadrant depen-
dent is rather effective in bounding the Value-at-Risk, both from
above and from below. Joint information on both Kendall’s tau and
Blomqvist’s beta may well improve the upper and lower bounds on
the Value-at-Risk when compared with the situation in which only
one of the two measures of association is given.

We have assumed throughout that the marginal distributions
are fully specified. In the case where only partial information
(e.g., several moments) on the marginal distributions is available,
best-possible lower bounds on P[¢/ (X, Y) < t] can be obtained
similarly, by using pointwise best-possible lower bounds on the
marginal distributions; see Section 8.4.8 of Denuit et al. (2005) for
related results.
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