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Abstract.

In this paper we survey relationships between concordance of random variables and
their copulas. We focus on the relationship between concordance and measures of
association such as Kendall’s tau, Spearman’s rho and Gini’s coefficient. Extensions
to the multivariate case are also discussed.
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1. Introduction

There are a variety of ways to describe and to measure dependence
between random variables. Many such descriptions and measures are,
in the words of Hoeffding (1940), “scale-invariant”, that is, they remain
unchanged under strictly increasing transformations of the random
variables. An important scale-invariant notion is concordance.

As Schweizer and Wolff (1981) note, “...it is precisely the copula which
captures those properties of the joint distribution which are invariant
under almost surely strictly increasing transformations”. The term cop-
ula, coined by Sklar (1959), is now common in the statistical literature;
we assume that the reader is familiar with copulas and their basic
properties.

As a consequence of Theorem 3 in Schweizer and Wolff (1981) scale-
invariant properties and measures are expressible in terms of the copula
of the random variables. The focus of this paper is a survey of the
role that copulas play in the study of concordance and measures of
association based on concordance.

2. Concordance

We begin with a definition of concordance [Hoeffding (1947)]: Two
observations (x1,y1) and (z2,y2) of a pair (X,Y") of continuous random
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variables are concordant if both values of one pair are greater than the
corresponding values of the other pair, that is if x1 < =9, 11 < Y2
or ry > T2, Y1 > Yyo; and they are discordant if for one pair one
value is greater and the other smaller than for the other pair, that
isif 1 < xg, y1 > yo Or T1 > T, Y1 < Yo.

The sample version of the measure of association known as Kendall’s
tau is defined in terms of concordance as follows [Kruskal (1958)]: Let
{(z1,11), (z2,92), "+, (Tn,yn)} denote a random sample of n observa-
tions from a vector (X,Y’) of continuous random variables. There are
() distinct pairs (z;,3) and (zj,y;) of observations in the sample,
and each pair is either concordant or discordant. Kendall’s tau for the
sample is defined as

. (number of concordant pairs) — (number of discordant pairs)

total number of pairs

Equivalently, t is the probability of concordance minus the probability
of discordance for a pair of observations (z;,y;) and (xj,y;) chosen
randomly from the sample. The population version of Kendall’s tau
for a vector (X,Y) of continuous random variables with joint distri-
bution function H is defined similarly. Let (X1,Y7) and (X5,Y32) be
independent and identically distributed random vectors, each with joint
distribution function H. Then the population version of Kendall’s tau
is defined as the probability of concordance minus the probability of
discordance:

T = P[(Xl — XQ)(}/l — Yg) > 0] — P[(Xl — XQ)(Yl — }/2) < O] (21)

(we shall use Latin letters for sample statistics and Greek letters for
the corresponding population parameters).

In order to demonstrate the role that copulas play in concordance and
measures of association such as Kendall’s tau, we define a “concordance
function” ) as the difference of the probabilities of concordance and
discordance between two vectors (Xi,Y7) and (Xs,Y2) of continuous
random variables with (possibly) different joint distributions H; and
Hjy, but with common margins F' and G. We then show that this
function depends on the distributions of (Xi,Y7) and (X2,Y2) only
through their copulas.

Theorem 2.1. Let (X1,Y1) and (X2, Y2) be independent vectors of con-
tinuous random variables with joint distribution functions Hy and Hs,
respectively, with common margins F' (of X1 and X2) and G (of Y1 and
Y3). Let Cy and Co denote the copulas of (X1,Y1) and (Xa,Y3), respec-
tively, so that Hy(z,y) = C1(F(z), G(y)) and Ha(z,y) = Co(F(z), G(y)).
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Let @) denote the difference between the probabilities of concordance and
discordance of (X1,Y1) and (X2,Y2), i.e., let

Q = P[(Xl — Xz)(}/l — YQ) > 0] — P[(Xl — XQ)(Yl — }/2) < 0] (2.2)
Then
Q = Q(Cl, 02) = 4ff12 CQ(’LL, U)dCl(u,U) — 1. (2.3)
The proof is straightforward, see Nelsen (1999) for details.

Some of the useful properties of () are summarized in the following
corollary.

Corollary 2.2. Let C',Cs, and Q be as given in Theorem 2.1. Then
1. Q is symmetric in its arguments: Q(C1,Ca) = Q(Cs, C1).
2. @ is nondecreasing in each argument: if Cy(u,v) < C{(u,v) and
Ca(u,v) < CY(u,v) for all (u,v) in 12, then Q(C1,C2) < Q(CY,CY).
In part 2 of the above corollary, we say that C' is less concordant than
C’ (and write C' < C') whenever C(u,v) < C'(u,v) for all (u,v) in I?.
For a discussion of concordance (and other) orders, see Kimeldorf and
Sampson (1987, 1989).

The function @ is easily evaluated for pairs of the basic copulas M, W
(the copulas of the Fréchet-Hoeffding upper and lower bounds) and II
(the copula of independent random variables):

QM,M)=1, QW,W)=—1, and Q(M, W) = 0;
Q(M,TT) = 1/3, Q(W,T) = —1/3, and Q(IL,I) = 0.
If C is an arbitrary copula, then Q(C,C) € [—1,1] (since @ is the

difference of two probabilities), and as a consequence of Corollary 2.2
and the values of () displayed above, it also follows that

Q(C,M)€[0,1], Q(C,W)e[-1,0], and Q(C,II) €[~1/3,1/3]. (2.4)

3. Measures of concordance

As an immediate consequence of (2.1), (2.2), (2.3), the population
version of Kendall’s tau has a succinct expression in terms of the
concordance function Q:

Theorem 3.1. Let X and Y be continuous random variables whose
copula is C. Then the population version of Kendall’s tau for X and
Y (which we denote by either Txy or 1¢) is given by

xy =17c =Q(C,C) = 4ff12 C(u,v)dC(u,v) — 1. (3.1)
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For computational purposes, there are alternate expressions for 7¢.
The integral which appears in (3.1) can be interpreted as the expected
value of the function C(U, V') of uniform (0,1) random variables U and
V' whose joint distribution function is C, i.e.,

70 =4E(C(U,V)) —1=4 [/ tdKc(t) —1 =3 —4 [} Kc(t)dt

where Ko denotes the distribution function of the random variable
C(U,V). For example, if C' is an Archimedean copula whose additive
generator is ¢, then Ko (t) = t — (¢(t)/¢'(t7)) [Genest and MacKay
(1986a,b)] and

=1+ 4]01 qf’((tt)) dt.
As a second example, let C' be the copula of random variables with a
Bertino (1977) distribution, with diagonal section d(t) = C(t,t). Then
Kc(t) = 2601 (t) — t where §(-1) denotes the right-continuous quasi-
inverse of 8, i.e., (- (t) = sup{s|d(s) < t}; and

o =5-28 [ 60D (t)dt =8 [ §(u)du — 3.

If C is singular or if C' has a singular component, the form for 7 given
by (3.1) is not amenable to computation. For many such copulas, the
expression

o =1—4[[, £C(u,v) L C(u,v)dudv (3.2)

is more tractable. The equivalence of (3.1) and (3.2) is a consequence
of the following theorem [Taylor (1999)]:

Theorem 3.2. Let Cy and Co be copulas. Then
[fi2 C1(u,v)dCs(u,v) = 1 — [ B%C’l(u,v)%CQ(u,v)dudv.

For example, let Cp 3(0 < o, 8 < 1) be a member of the generalized
Cuadras-Augé (1981) family, the survival copulas for the Marshall-
Olkin (1967) family of bivariate exponential distributions: Cy g(u,v) =
min(u'~%v, uv'~%). Although there is a singular component on the
curve u® = v” when af > 0, the partial derivatives of Co,p are easily
evaluated, and

TC, s = af/(a — af + B).

As with Kendall’s tau, the population version of Spearman’s rho is
based on concordance and discordance. To obtain the population ver-
sion of this measure [Kruskal (1958)], we let (X1,Y1), (X2,Y2) and
(X3,Y3) be three independent random vectors of continuous random
variables with a common joint distribution function H (whose mar-
gins are again F' and G) and copula C. The population version of
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Spearman’s rho is defined to be proportional to the probability of
concordance minus the probability of discordance for the two vectors
(X1,Y1) and (X2, Ys)—i.e., a pair of vectors with the same margins,
but one vector has distribution function H, while the components of
the other are independent:

p = 3(P[(X1—X2)(Y1 —¥3) > 0] = P[(Xy — Xp)(Y1 - ¥3) <0]) (3.3)

(the pair (X3, Y2) could be used equally as well). Note that while the
joint distibution function of (X1,Y7) is H(x,y), the joint distribu-
tion function of (Xs,Y3) is F(x)G(y) (since X2 and Y3 are indepen-
dent). Thus the copula of X3 and Y3 is II, and using Theorem 2.1, we
immediately have

Theorem 3.3. Let X and Y be continuous random variables whose
copula is C'. Then the population version of Spearman’s rho for X and
Y (which we denote be either pxy or pc) is given by

PXYy = pCc = 3Q(C, H). (3.4)

The coefficient “3” which appears in (3.3) and (3.4) is a normalization
constant, since as noted in (2.4), Q(C,II) € [—1/3,1/3]. Combining
(3.4) with (2.3) yields

pc = 12 [[; wwdC(u,v) — 3 =12 [ [ C(u, v)dudv — 3 55)
3.5
= 12 [[[C(u, v) — uv]dudv.

Another measure based on concordance, less well-known than Kendall’s
tau and Spearman’s rho, is Gini’s “coefficient of cograduation”. Noting
that Spearman’s rho can be written as

pCc = 3].[12([u +v— 1]2 - [u - U]Q)do(uvv)7

Gini considered a measure « based on absolute values rather than
squares:

7:2ff12(\u—|-v— 1| — |u —v])dC(u,v).

The relationship between v and the concordance function @ is given
by the following theorem, whose proof can be found in Nelsen (1998,
1999).

Theorem 3.4. Let X and Y be continuous random variables whose
copula is C. Then the population version of Gini’s measure of assoca-
tion for X andY (which we denote by yxy or yc) is given by

Xy =vc = Q(C, M) + Q(C,W).
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In a sense, Spearman’s pc = 3Q(C,II) measures a concordance rela-
tionship between the distribution of X and Y as represented by their
copula C', and independence as represented by the copula II. On the
other hand, Gini’s v¢ = Q(C, M) + Q(C, W) measures a concordance
relationship between C' and monotone dependence, as represented by
the copulas M and W.

The measures of association in this section are often called “measures of
concordance”, not because they are based on the concordance function
@, but because they satisfy a set of axioms proposed by Scarsini (1984):

Definition 3.5. A numeric measure x of association between two con-
tinuous random variables X and Y whose copula is C' is a measure of
concordance if it satisfies the following properties (again we write kx y
or ko when convenient):

1. k is defined for every pair X,Y of continuous random variables;
. —1 < RX)Y < 1, RX X = 1, and RX,-X = —1;

KXY = KY,X;

.if X and Y are independent, then kxy = ki1 = 0;

K—X)YY = KX,—Y = —KX)Y;

. if C; and C are copulas such that C7 < Cy, then ko, < Kkey;

N o Ul W

Jif {(Xp,Y5)} is a sequence of continuous random variables with
copulas C,,, and if {C), } converges pointwise to C, then lim,,_,o ¢,
= K(C.

The following consequences of Definition 3.5 are readily established:

8.if Y is almost surely an increasing function of X, then kxy =
ky = 1; and if Y is almost surely a decreasing function of X,
then kxy = kw = —1;

9. if & and § are almost surely strictly monotone functions on the
range of X and the range of Y, respectively, then rq(x) gv) =
KX)Y-

Theorem 3.6. The population versions of Kendall’s tau, Spearman’s
rho, and Gini’s gamma are measures of concordance.

We note that not all measures of association derived from the con-
cordance function ) are measures of concordance. For example, the
population version of Spearman’s footrule, ¢ = [3Q(C, M) —1]/2, does
not satisfy parts 2 and 5 of Definition 3.5.

One defect of a measure of concordance is the fact that the converse of
part 4 of Definition 3.5 does not hold—# x y may be 0 even when X and
Y are dependent. Schweizer and Wolff (1981) proposed the measure

oxy =12 [[12|C(u,v) — uv|dudo, (3.6)
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which is similar to the third expression for Spearman’s rho in (3.5).
While ox y is not a measure of concordance, ox,y = 0 if and only if X
and Y are independent. Similar measures of “monotone dependence”
related to Kendall’s tau and Gini’s gamma are

mxy = 6 [Jp21C(u,v) — uv|dC(u,v) and (3.7)
Vxy =4[ 1C(u,v) — wold[M (u,v) + W (u, v)]. (3-8)

We conclude this section with one additional measure of association
based on concordance. Suppose in the expression (2.2) for @), we use
a random vector and a fixed point, rather than two random vectors.
Blomqvist (1950) proposed and studied such a measure, often called
the “medial correlation coefficient”, which we denote as 3:

B=pPxy =Pl(X-2)(Y -y)>0]-P[(X -2)(Y —g) <0

where Z and ¢ are medians of X and Y, respectively. While 8 does not
have the form given by (2.3), there is a simple expression for § when X
and Y are continuous with copula C: § = o = 4C(1/2,1/2) — 1. Like
7, p and vy, B satisfies the properties in Definition 3.5 for a measure of
concordance.

For example, if Cy is a member of the Frank (1979) family of copulas
Co(u,v) = —In[l 4 (e = 1)(e™" = 1)/(e" = 1)]/0,0 € R,
then 7¢, and pc, involve Debye functions of 6, whereas

Bc, = (4/6) Incosh(6/4).

4. Multivariate concordance and measures

To simplify the presentation, we introduce some notation. Let X =
(X1, X9, -, Xy), x = (21,22, +,2y), and let X > x denote the
component-wise inequality. If U is a vector of uniform (0,1) random
variables whose distribution function is the n-copula C, then C denotes
the survival function, C(u) = P[U > u]. Lastly, M™ denotes the
Fréchet-Hoeffding upper bound n-copula min(uy,ug, -, uy), and II"
the n-copula uqusg - - - u, of independent random variables.

We now generalize the notion of concordance and the concordance
function ) from Section 2. Suppose we have two observations x and
y of a vector X of continuous random variables. Concordance gener-
alizes: x and y are concordant if for all i # j, (z;,2;) and (y;,y;) are
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concordant. However, discordance does not generalize to dimensions
n > 3: if (x1,x2) and (yi1,y2) are discordant and (z2,z3) and (y2,ys3)
are discordant, then (x1,x3) and (y1,y3) must be concordant. Conse-
quently, we consider the probability of concordance alone, rather than
the difference of the probabilities of concordance and discordance. For
a complete discussion of multivariate concordance, see Joe (1990).

The next theorem, whose proof is analogous to that of Theorem 2.1,
presents the probability of concordance in terms of n-copulas.

Theorem 4.1. Let Xy and Xy be independent vectors of continuous
random variables with common univariate margins and n-copulas Cq
and Cs, respectively, and let Q) denote the probability of concordance
between X1 and Xq:

Q! = P[X; > Xy] + P[X; < X3].
Then
Q, = QL(C1,03) = [1n Ca(u)dCi(u) + [y, C1(u)dCs(u),

= [ [Ca(u) + Ca(w)]dCy (u).

Like the function @ in (2.3), @), is symmetric in its arguments, non-
decreasing with respect to the multivariate concordance ordering (C' <
C'if C(u) < C’'(u) and C(u) < C’(u) for all u in I"), and is easily
evaluated for pairs of the n-copulas M™ and I1" (recall that the Fréchet-
Hoeffding lower bound W = max(uj +ug + - -+ + u, —n+ 1,0) is not
an n-copula for n > 3): Q. (M"™, M™) =1, Q,,(M™,1I") = 2/(n + 1),
and Q',(IT", TI") = 1/2"~!. We now define a multivariate analog of Q
(which we denote @,,) for continuous random vectors X; and Xy whose
copulas are C7 and Cs as a linear function of @Q,:

1

m[z”*@;(cb@) —1].

Qn(C1, C2) =
Consequently,

Qn(M™,M") =1, Q,(II",1I") = 0, and
2" —(n+1)
D@ - 1)

Multivariate analogues of Spearman’s rho and Kendall’s tau now follow:

Qn(M™,11") =

Definition 4.2. Let X be continuous random vector whose n-copula
is C. Population versions 7, ¢ of Kendall’s tau and p,, ¢ of Spearman’s
rho are given by

(n+1)(2" 1t 1)
2" — (n+1)

Tn,C = Qn(ca C) and Pn,C = Qn(cv Hn)' (4'1)



Explicitly, we have

TnC = g Pn J1n C(0)dC(u) — 1] and

pnc = g [277 1 (o CL0)ATI (W) + [ T (w)dC (w)) — 1]

The coefficient 7, ¢ in (4.1) is one of a family of generalizations of
Kendall’s tau discussed by Joe (1990), while p, ¢ is the mean of two
generalizations of Spearman’s rho discussed by Joe (1990). These coeffi-
cients also appear in Nelsen (1996) as measures of average multivariate
total positivity of order two, and of average upper and lower orthant
dependence. An analogous argument yields a multivariate version of
Blomqvist’s coefficient: 3, ¢ = [2"C(1/2) — 1]/(2"1 —1).

We conclude with several open problems: 1) Develop a multivariate
version of Gini’s coefficient; 2) formulate a definition for measures of
multivariate concordance comparable to Definition 3.5; and 3) develop
multivariate versions of the measures of monotone dependence given in
(3.6), (3.7), and (3.8).
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