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ABSTRACT

We find pointwise best-possible bounds on the bivariate distribution

function of continuous random variables with given margins and a
given value of the medial correlation coefficient, and compare those
bounds to those obtained from a given value of Kendall’s tau and
Spearman’s rho.
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1. INTRODUCTION

This article shows that for finding pointwise best-possible bounds on
sets of joint distribution functions with given continuous margins and the
population version of a nonparametric measure of association, the medial
correlation coefficient (also known as Blomqvist’s beta) outperforms
both Kendall’s tau and Spearman’s rho for moderate values of these
coefficients.

In a previous article Nelsen et al. (2001), the authors (with J. J.
Quesada Molina and J. A. Rodrı́guez Lallena) illustrated a procedure
for finding pointwise best-possible bounds on sets of joint distribution
functions with given continuous margins and a given value of the
population version of a measure of association, such as Kendall’s
tau or Spearman’s rho. The bounds attained are readily evaluated,
and hence can be compared (see Sec. 3 below). Before doing so, we use
the procedure from Nelsen et al. (2001) to find the bounds on the set
of joint distribution functions with given continuous margins and a
given value of the population version of the medial correlation
coefficient.

As is often the case when dealing with bivariate distribution
functions, the use of copulas simplifies matters. A copula is a function
C : I2 ! I ¼ ½0; 1� that satisfies the boundary conditions

Cðt; 0Þ ¼ Cð0; tÞ ¼ 0 and Cðt; 1Þ ¼ Cð1; tÞt; t 2 I; ð1Þ

and the two-increasing property

Cðb;dÞ � Cða;dÞ � Cðb; cÞ þ Cða; cÞ � 0 ð2Þ

for all a, b, c, d in I such that a � b and c � d. Equivalently,
a copula is the restriction to the unit square of a bivariate distribution
function whose margins are uniform on I. Recall from Sklar’s theorem
that any bivariate distribution function H with marginal distribu-
tion functions F and G can be written as Hðx; yÞ ¼ CðFðxÞ; GðyÞÞ,
where C is a copula. Finally, each copula C satisfies the Fréchet–
Hoeffding inequality Wðu; vÞ ¼ maxð0; uþ v� 1Þ � Cðu; vÞ � minðu; vÞ ¼
Mðu; vÞ for u; v in I; furthermore, the Fréchet–Hoeffding bounds
W and M are themselves copulas. For further details, see Nelsen
(1999).
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2. BOUNDS WHEN THE MEDIAL CORRELATION
COEFFICIENT IS KNOWN

The population version of the medial correlation coefficient for a pair
X,Y of continuous random variables, which we denote as bX;Y , was first
discussed by Blomqvist (1950). If ~xx and ~yy denote medians of X and Y ,
respectively, then

bX;Y ¼ P½ðX � ~xxÞðY � ~yyÞ > 0� � P½ðX � ~xxÞðY � ~yyÞ < 0�:

Note that �1 � bX;Y � þ1 and that the bounds are sharp. When H

denotes the joint distribution function of X and Y , it readily follows that

bX;Y ¼ 4Hð~xx; ~yyÞ � 1:

Letting C denote the copula of X and Y , we have Hð~xx; ~yyÞ ¼
CðFð~xxÞ;Gð~yyÞÞ ¼ Cð1=2; 1=2Þ, and hence,

bX;Y ¼ bðCÞ ¼ 4Cð1=2; 1=2Þ � 1:

For any t in ½�1; 1�, let Bt denote the set of copulas with a common
value t of the medial correlation coefficient; that is,

Bt ¼ C jCis a copula; bðCÞ ¼ tf g:

Let Bt and Bt denote, respectively, the pointwise infimum and supremum
of Bt, i.e., for each (u; v) in I2,

Btðu; vÞ ¼ inf Cðu; vÞ C 2 Btjf g and

Btðu; vÞ ¼ sup Cðu; vÞ C 2 Btjf g: ð3Þ

The bounds Bt and Bt for Bt are given in Theorem 1.

Theorem 1. Let Bt and Bt denote the pointwise infimum and supremum
(3) of Bt, for t in [�1,1]. Then for any (u; v) in I2,

Btðu; vÞ ¼ max 0; uþ v� 1; ðtþ 1Þ=4� ðð1=2Þ � uÞþ � ðð1=2Þ � vÞþ� �
ð4Þ
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and

Btðu; vÞ ¼ min u; v; ðtþ 1Þ=4þ ðu� ð1=2ÞÞþ þ ðv� ð1=2ÞÞþ� �
; ð5Þ

where xþ ¼ maxðx; 0Þ. Hence, if X and Y are continuous random
variables with joint distribution function H and marginal distribution
functions F and G, respectively, and such that bX;Y ¼ t, then the
best-possible bounds for H are

Bt FðxÞ;GðyÞð Þ � Hðx; yÞ � Bt FðxÞ;GðyÞð Þ ð6Þ

for all (x,y) in �1;1ð Þ2.

Proof. Let C 2 Bt. Then, for all (u; v) in I2, the defining properties (1)
and (2) for copulas readily yield the inequalities �ðð1=2Þ�uÞþ �Cðu;vÞ�
Cð1=2;vÞ� ðu�ð1=2ÞÞþ and �ðð1=2Þ�vÞþ �Cð1=2;vÞ�Cð1=2;1=2Þ�
ðv�ð1=2ÞÞþ; hence, ðtþ1Þ=4�ðð1=2Þ�uÞþ�ðð1=2Þ�vÞþ � Cðu;vÞ�
ðtþ 1Þ=4þ ðu� ð1=2ÞÞþ þ ðv� ð1=2ÞÞþ. Furthermore, Wðu; vÞ � Cðu; vÞ
� Mðu; vÞ; thus, Btðu; vÞ � Cðu; vÞ � Btðu; vÞ, where Bt and Bt satisfy

(4) and (5), respectively. However, functions on I2 of the form
maxf0; uþ v� 1; y� ða� uÞþ � ðb� vÞþg and min½u; v; yþ ðu� aÞþ þ
ðv� bÞþg are copulas for any (a; b) in I2 and y in ½Wða; bÞ;Mða; bÞ�
(Nelsen, 1999, Theorem 3.2.2), so Bt and Bt are copulas. Because
bðBtÞ ¼ bBtÞ ¼ t;Bt and Bt are both in Bt; hence, Bt and Bt are the
pointwise best-possible bounds for Bt.

Because Bt and Bt are copulas, the bounds for H in (6) are distribu-
tion functions. In the following corollary, whose proof is straightforward,
we present some additional facts about the bounds Bt and Bt.

Corollary 2. Let Bt and Bt be as in Theorem 1. Then,

(a) Bt and Bt are continuous and nondecreasing in t.
(b) Bt ¼ W if and only if t ¼ �1;Bt ¼ M if and only if t ¼ þ1.
(c) Bt(u,v)¼ u – B�t(u,1 – v)¼ v – B�t(1 – u, v), and similarly for Bt.
(d) Both Bt and Bt are radially symmetric, that is, Bt(u,v)¼ uþ v –

1þBt(1 – u,1 – v), and similarly for Bt.

3. A COMPARISON OF THE BOUNDS

Bounds on sets of copulas with a common value of the population
versions of the measures of association known as Kendall’s tau (t) and
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Spearman’s rho (r) also exist. Analogous to (3), we let Tt; Tt; Pt, and Pt

denote the pointwise best-possible lower and upper bounds on Tt ¼
C jCf is a copula, tðCÞ ¼ tg and Pt ¼ C jCf is a copula, rðCÞ ¼ tg,

respectively. These bounds are given explicitly in Nelsen et al. (2001),
and like Bt and Bt, are copulas.

Which of the coefficients, b; t, or r, is more effective in narrowing the
Fréchet–Hoeffding bounds? To measure the effectiveness of the coeffi-
cients for this purpose, we use the function

maðtÞ ¼ 1� 6

ZZ
I2

Atðu; vÞ � Atðu; vÞ
� �

du dv; ð7Þ

where a denotes a measure of association such as b; t; or r, and At and At

are the bounds on the set At ¼ C jC is a copula, aðCÞ ¼ tf g. The double
integral in (7) represents the volume between the surfaces z¼Atðu; vÞ and
z¼Atðu; vÞ in I3, and ma is scaled so maðtÞ¼ 0 when there is no improve-
ment in the bounds (i.e., At ¼W and At ¼M ), and maðtÞ ¼ 1 when the
bounds coincide.

In the first four columns of Table 1, we present the values of
mbðtÞ, mtðtÞ, and mrðtÞ for tj j 2 ½0; 1� (note that mað�tÞ ¼ maðtÞ for a ¼
b; t; or rÞ. Although mbðtÞ can be computed explicitly [mbðtÞ¼
3ð3t2 þ 1Þ=16], mtðtÞ, and mrðtÞ must be computed numerically. All
results have been rounded to four places.

Comparing column (b) with columns (c) and (d), we see that the med-
ial correlation coefficient is dramatically better than either Kendall’s tau

Table 1. A comparison maðtÞ for a ¼ b; t, and r.

(a) (b) (c) (d) (e)
jtj mbðtÞ mtðtÞ mrðtÞ mrðt�Þ

0 0.1875 0 0.0295 0.0295
0.1 0.1931 0.0013 0.0327 0.0367
0.2 0.2100 0.0078 0.0425 0.0588

0.3 0.2381 0.0228 0.0596 0.0971
0.4 0.2775 0.0495 0.0851 0.1535
0.5 0.3281 0.0922 0.1209 0.2308

0.6 0.3900 0.1562 0.1700 0.3332
0.7 0.4631 0.2497 0.2386 0.4646
0.8 0.5475 0.3860 0.3389 0.6271
0.9 0.6431 0.5929 0.5019 0.8175

1 0.7500 1 1 1
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or Spearman’s rho for values of tj j � 0.9. Furthermore, mrðtÞ is greater
than mtðtÞ for tj j � 0.6, but the inequality is reversed for tj j � 0.7. How-
ever, this comparison is specious because the three coefficients are rarely
equal for a given copula. For example, when C is the copula associated
with a standard bivariate normal distribution, tðCÞ ¼ bðCÞ; however,
rðCÞ ¼ ð6=pÞarcsin½ð1=2Þ sinðpbðCÞ=2Þ� (see Kruskal, 1958). If we set
t� ¼ ð6=pÞarcsin½ð1=2Þ sinðpt=2Þ� and compare columns (b), (c), and (e)
of Table 1, we see that when the dependence structure is described by a
normal copula, Spearman’s rho is more effective than Kendall’s tau in
narrowing the bounds for all t, but better than the medial correlation
coefficient only for jtj � 0:7.

Other families of copulas yield different relationships among b, t,
and r. Consider, for example, the Farlie–Gumbel–Morgenstern (FGM)
family of copulas: for y in [�1, 1] and all ðu; vÞ in I2, Cyðu; vÞ ¼
uvþ yuvð1� uÞð1� vÞ. For members of this family, b ¼ y=4; t ¼ 2y=9,
and r ¼ y=3, so t ¼ 8b=9 and r ¼ 4b=3. To compare the effectiveness
of b, t, and r for copulas with this relationship among b; t, and r, we
compare mbðtÞ, mtð8t=9Þ, and mrð4t=3Þ for jtj in [0, 1/4] in Table 2.

As with normal copulas, the medial correlation coefficient is substan-
tially better (for jtj in [0, 1/4]) than either Kendall’s tau or Spearman’s
rho in narrowing the bounds. A similar relationship among b; t, and r
holds, at least approximately for values of y near 0, in families of copulas
for which FGM copulas are first-order approximations. Examples of
such families include the Ali–Mikhail–Haq family, the Frank family,
and the Plackett family. See Nelsen (1999) for details.

4. CONCLUSION

There is a simple geometric explanation for the effectiveness of the
medial correlation coefficient in narrowing the Frechet–Hoeffding

Table 2. A second comparison of b, t, and r.

jtj mbðtÞ mtð8t=9Þ mrð4t=3Þ

0 0.1875 0 0.0295

0.05 0.1889 0.0002 0.0309
0.1 0.1931 0.0010 0.0352
0.15 0.2002 0.0028 0.0425
0.2 0.2100 0.0058 0.0531

0.25 0.2227 0.0103 0.0671
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bounds. Recall that all six of the bounds, Bt, Bt, Tt, Tt, Pt, and Pt, are
copulas, and hence, as a result of Nelsen et al. (2001), coincide on the
boundary of the unit square I2; and as a result of Nelsen (1999), are uni-
formly continuous. However, only Bt and Bt also coincide at the center of
the square, i.e., Btð1=2; 1=2Þ ¼ Btð1=2; 1=2Þ ¼ ðtþ 1Þ=4. Because mb, mt,
and mr are each based on the volume between the graphs of the lower
and upper bounds, it is reasonable to expect a smaller volume between
the graphs of Bt and Bt than between Tt and Tt, or between Pt and Pt.
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