
STUDY GUIDE FOR THE SECOND CALCULUS EXAM - SOLUTIONS

Taylor approximations: basics.

(1) Since f (x) = 1
x , f !(x) = ! 1

x2 , f !!(x) = 2
x3 , f !!!(x) = ! 6

x4 and f (4) (x) = 24
x5 we have:

(a) 1
x " 1 ! (x ! 1) + (x ! 1)2 ! (x ! 1)3 + (x ! 1)4 for x " 1;

(b) 1
x " 1

2 ! 1
4(x ! 2)2 + 1

8(x ! 2)2 ! 1
16(x ! 2)3 + 1

32(x ! 2)4 for x " 2;

(c) 1
x " ! 1 ! (x + 1) ! (x + 1)2 ! (x + 1)3 ! (x + 1)4 for x " ! 1.

(2) (a) Let f (x) =
#

x. Since

f (100) = 10, f !(100) =
1
20

, f !!(100) = !
1

4000
, f !!!(100) =

3
800000

we have
#

x " 10+
1
20

(x ! 100) !
1

8000
(x ! 100)2 +

1
1600000

(x ! 100)3

IF x " 100. Thus,
#

98 " 10+
! 2
20

!
4

8000
+

! 8
1600000

= 10! 0.1 ! 0.0005! 0.000005= 9.899495.

(b) Let f (x) = 3
#

x. Since

f (8) = 2, f !(8) = 1
38" 2

3 = 1
12, f !!(8) = ! 2

98" 5
3 = ! 1

144, f !!!(8) = 10
278" 8

3 = 5
3456

we have
3
#

x " 2 + 1
12(x ! 8) ! 1

288(x ! 8)2 + 5
20736(x ! 8)3

IF x " 8. Thus,
3
#

9 " 2 + 1
12 ! 1

288 + 5
20736 = 43133

20736 " 2.0801022...

(c) Here we Þrst need to compute the Þrst thr ee derivativesof f (x) = tan(x) = sin(x)
cos(x) . We get

f !(x) =
1

cos2(x)
, f !!(x) = 2

sin(x)
cos3(x)

, f !!!(x) = 2
cos2(x) + 3sin2(x)

cos4(x)
.

It follows that

f (0) = 0, f !(0) = 1, f !!(0) = 0, f !!!(0) = 2.

Thus,

tan(x) " x +
x3

3
IF x " 0. Evaluating at x = 0.6 we get

tan(0.6) " 0.6 +
0.216

3
= 0.672.

1
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(3) The posit ion of the car can be approximated as follows:

s(t) " 100+ 75t !
75
2

t2,

where t measures hours from ÒnowÓ. Twelve minutes from ÒnowÓthe car is approximately located
at

s(0.2) " 100+ 75á0.2 !
75
2

á0.22 = 100+ 15! 1.5 = 113.5

miles.

On understanding Taylor Approximations graphically...

(1) (a) The approximation f (x) " 1+ 10x for x " 0 does not correspond to the function f (x) whose
graph is given becausef (0) = 0 $= 1;

(b) The approximation f (x) " 6 + 2(x ! 1)2 if x " 1 does not correspond to the function f (x)
whosegraph is given becauseof the mismatch on the level of second derivatives. The graph
of f curves downward while the term ... + 2(x ! 1)2 in the Taylor approximation indicates
curving upward.

(c) The approximation f (x) " 6 ! 2(x ! 1)2 if x " 1 IS a possible Taylor approximation of
the function f whosegraph is given: visually it does appear that f (1) = 6, f !(1) = 0 and
f !!(1) < 0.

(d) The approximation f (x) " 2+ 3(x ! 2) + (x ! 2)2 if x " 2 is not an option at least because
the approximation suggests positi ve slope near x = 2. Judging by the graph given we need to
have f !(2) < 0.

(e) The approximation f (x) " 2 ! 3(x ! 2) ! (x ! 2)2 if x " 2 is also not an option; th is time
the reason is Òthe wrong curvatureÓ. The graph seems to be curving upward near x = 2 (the
graph is above the tangent line) and so we need to have f !!(2) > 0.

(f ) Judging by the graph we have f (0) = 0 and f !(0) > 0, while the second derivative is somewhat
di! cult to assess. This suggests that f (x) " 10x if x " 0 IS a possible Taylor approximation;

(g) Assuming that f (! 2) = ! 2, the approximation f (x) " ! 2! 3(x + 2) ! (x + 2)2 if x " ! 2 IS a
possible Taylor approximation. Judging by the graph both the Þrst and the second derivative
of f at ! 2 are negative; th is matches with the signs of the coe!c ients in the suggested
approximation .

(h) The approximation f (x) " 6+ 2(x + 1)2 if x " ! 1 is not an option because(j udging by the
graph) f (! 1) = ! 6 $= 6.

(2) The Taylor approximations which are given imposethat

¥ The graph reaches a local minimum at (0, ! 5);

¥ The graph passes through (2, 0) with positive slope (namely, slope 2). Furth ermore, we need
the graph to curve downward at x = 2;

¥ The graph passesthrough (! 3, 3) with positive slope (namely, slope 3). Furth ermore, we need
the graph to curve upward at x = ! 3;

¥ The graph passes through (5, 3) with small but posit ive slope (namely, slope 1
2). Furthermore,

the graph ever so slightl y needsto curve upward.
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Here is an example of such a graph:

In[61]:= Plot @L@xD, 8x, -5, 7<, PlotRange Ø All D

Out[61]=

-4 -2 2 4 6

0.2

0.4

0.6

0.8

1.0

In[62]:= M@x_ D : = HExp@-HxL ^ H-2LD• HExp@-Hx - 5L ^ H-2LD+ Exp@-HxL ^ H-2LDLL *

HExp@-Hx - 2L ^ H-2LD• HExp@-Hx - 2L ^ H-2LD+ Exp@-Hx - 5L ^ H-2LDLL *

HExp@-Hx + 3L ^ H-2LD• HExp@-Hx + 3L ^ H-2LD+ Exp@-Hx - 5L ^ H-2LDLL

In[63]:= Plot @M@xD, 8x, -5, 7<, PlotRange Ø All D

Out[63]=

-4 -2 2 4 6

0.2

0.4

0.6

0.8

1.0

In[69]:= Plot @H-5 + 2 x ^ 2L * H@xD+ H2 Hx - 2L - Hx - 2L ^ 2L * K@xD+

H3 + 3 Hx + 3L + 5 Hx + 3L ^ 2L * L@xD+ H3 + 0.5 Hx - 5L + 0.25 Hx - 5L ^ 2L * M@xD, 8x, -3.4 , 5.5 <D

Out[69]=

-2 2 4

-5

5

10

15

20
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Manipulating the well-known Taylor expansions...

(1) (a) sin(x2) " x2 ! x6

6 + x10

120 ! ...

(b) sin(x)
x "

x" x 3

6 + x 5

120 " ...
x = 1 ! x2

6 + x4

120 ! ...

(c) ln(x) = ln (1 + (x ! 1)) " (x ! 1) ! 1
2(x ! 1)2 + 1

3(x ! 1)3 ! 1
4(x ! 1)4...

(d) 1
1" x2 " x2 + x4 + x6 + x8 + ...

(e) e" x2
" 1 ! x2 + x4

2 ! x6

6 + x8

24 ! ....

(f )
#

x =
!

1 + (x ! 1) " 1 + 1
2(x ! 1) ! 1

8(x ! 1)2....

(g) 1
x = 1

1+ (x" 1) " 1 ! (x ! 1) + (x ! 1)2 ! (x ! 1)3 + ...

(h) ln
"

1" x
1+ x

#
= ln(1! x) ! ln(1+ x) "

$
! x ! 1

2x2 ! 1
3x3 ! 1

4x4 ! ....
%
!

$
x ! 1

2x2 + 1
3x3 ! 1

4x4 + ...
%

and therefore ln
"

1" x
1+ x

#
" ! 2x ! 2

3x3 ! ....

(i) Since 1 ! cos(x2) " 1 !
"

1 ! x4

2 + x8

24 ! ...
#

= x4

2 ! x8

24 + ... we have

1 ! cos(x2)
x4 "

x4

2 ! x8

24 + ...
x4 =

1
2

!
x4

24
+ ....

(2) (Limits and Taylor Approximations)
(a) We Þrst Þnd the Taylor approximation of the function x %&sin(x3)" x3

x9 near x = 0. We get

sin(x3) ! x3

x9 "
x3 ! x9

6 + x15

120.... ! x3

x9 =
! x9

6 + x15

120 ! ...
x9 = !

1
6

+
x6

120
! ....

Thus, lim
x# 0

sin(x3) ! x3

x9 = lim
x# 0

&
!

1
6

+
x6

120
! ....

'
= !

1
6

.

(b) As in part (i) of the previous problem we Þnd that 1" cos(x4)
x8 " 1

2 ! x8

24 + ... near x = 0. From

here it is easy to seethat lim
x# 0

1 ! cos(x4)
x8 =

1
2

.
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(c) Thi s is very similar to part (a) above. We have

sin(2! r ) ! 2! r
r 3 "

(
(2! r ) ! (2πr)3

6 + (2πr)5

120 ! ....
)

! (2! r )

r 3

=
! 4π3

3 r 3 + 4π5

15 r 5 ! ...
r 3 = !

4! 3

3
+

4! 5

15
r 2 ! ...

and therefore

lim
r# 0

sin(2! r ) ! 2! r
r 3 = !

4
3

! 3.

(d) Taylor expansion of e! x " 1
α near " = 0 is

eαx ! 1
"

=

(
1 + " x + α2x2

2 + ...
)

! 1

"
= x +

" x2

2
+ ...

Taking the limit as " & 0 we get lim
α# 0

eαx ! 1
"

= x.

Miscellaneous problems on Taylor Approximations....

(1) (a) We have

2f (x) ! 3g(x) " 2
$
1 + 2(x ! 1) + (x ! 1)2%

! 3
$
! 1 + 3(x ! 1) ! (x ! 1)2%

=2 + 4(x ! 1) + 2(x ! 1)2 + 3 ! 9(x ! 1) + 3(x ! 1)2

=5 ! 5(x ! 1) + 5(x ! 1)2.

(b) We have

f (x) ág(x) "
$
1 + 2(x ! 1) + (x ! 1)2%$

! 1 + 3(x ! 1) ! (x ! 1)2%

" ! 1 + 3(x ! 1) ! (x ! 1)2 ! 2(x ! 1) + 6(x ! 1)2 ! (x ! 1)2

= ! 1 + (x ! 1) + 4(x ! 1)2.

(c) There is not enough information to Þnd the Taylor approximation of f ' g near x = 1. Since
g(1) = ! 1 we need the Taylor approximation of f near x = ! 1, which we do not have.

(d) Since f (x) " 1 if x " 1 we have

g(f (x)) " ! 1 + 3(f (x) ! 1) ! (f (x) ! 1)2

" ! 1 + 3
*
1 + 2(x ! 1) + (x ! 1)2 ! 1

+
!

*
1 + 2(x ! 1) + (x ! 1)2 ! 1

+2

= ! 1 + 3
*
2(x ! 1) + (x ! 1)2+

!
*
2(x ! 1) + (x ! 1)2+2

" ! 1 + 6(x ! 1) + 3(x ! 1)2 ! 4(x ! 1)2

= ! 1 + 6(x ! 1) ! (x ! 1)2

(2) ¥ Product Rule: Let f (x) and g(x) be two functi ons deÞned near x = a. Their Taylor
approximations near x = a are as follows:

f (x) " f (a) + f !(a) á(x ! a) +
f !!(a)

2
(x ! a)2 + ...

g(x) " g(a) + g!(a) á(x ! a) +
g!!(a)

2
(x ! a)2 + ...
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Multip lying we get

f (x) ág(x) "
*
f (a) + f !(a) á(x ! a) + ...

+*
g(a) + g!(a) á(x ! a) + ...

+
.

This can be expanded furth er. Keeping terms only of order 1 and below we get :

f (x)g(x) " f (a)g(a) + f !(a)g(a)(x ! a) + f (a)g!(a)(x ! a) + ....

= f (a)g(a) +
$
f !(a)g(a) + f (a)g!(a)

%
(x ! a) + ....

On the other hand, we know that the ÒanswerÓmust be

f (x)g(x) " f (a)g(a) + (f ág)! (a)(x ! a) + ....

Since the two ÒanswersÓmust be the same we see that

(f ág)! (a) = f !(a)g(a) + f (a)g!(a).

This is the well-known product rule.

¥ Chain Rule: Let g(x) be a function deÞned near x = a and let f (y) be a function deÞned
near y = g(a); the composition functi on f ' g is then deÞned near x = a. We shall need the
Taylor approximations of f (y) near y = g(a), and of g(x) near x = a:

f (y) " f (g(a)) + f ! (g(a)) (y ! g(a)) +
f !! (g(a))

2
(y ! g(a))2 + ....

g(x) " g(a) + g!(a)(x ! a) +
g!!(a)

2
(x ! a)2 + ....

We compute

f ' g (x) = f (g(x)) " f
*
g(a) + g!(a)(x ! a) + ...

+

" f (g(a)) + f ! (g(a))
$
g(a) + g!(a)(x ! a) + ... ! g(a)

%
+ .....

" f ' g (a) + f ! (g(a)) g!(a)(x ! a) + .....

On the other hand, we know that the ÒanswerÓmust be

f ' g (x) " f ' g (a) + (f ' g)! (a)(x ! a) + ....

Since the two ÒanswersÓmust be the same we must have:

(f ' g)! (a) = f ! (g(a)) g!(a).

This is the well-known Chain Rule!!

(3) (a) We have

f (x) " 1 + 2x ! 2x2 near x = 0;

f (x) " (x ! 1) ! 3(x ! 1)2 near x = 1;

g(x) " 1 ! 2x + 3x2 near x = 0;

g(x) " 1 + 3(x ! 1) near x = 1.

The following are the approximate graphs of f and g; the graph of f is on the left.
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In[45]:= F@x_ D : = Exp@- Hx - 1L ^ H- 2LD• HExp@- x ^ H- 2LD+ Exp@- Hx - 1L ^ H- 2LDL
G@x_ D : = Exp@- x ^ H- 2LD• HExp@- x ^ H- 2LD+ Exp@- Hx - 1L ^ H- 2LDL
Plot @H1 - 3 x ^ 2L * F@xD+ Hx - 1L * G@xD, 8x, - 0.5 , 1.2 <D

Out[47]=

- 0.5 0.5 1.0

- 0.4

- 0.2

0.2

0.4

0.6

0.8

1.0

In[48]:= Plot @H1 + 2 x - 2 x ^ 2L * F@xD+ HHx - 1L - 3 Hx - 1L ^ 2L * G@xD, 8x, - 0.5 , 1.2 <D

Out[48]=

- 0.5 0.5 1.0

- 0.5

0.5

1.0

In[49]:= Plot @H1 - 2 x + 3 x ^ 2L * F@xD+ H1 + 3 * Hx - 1LL * G@xD, 8x, - 0.5 , 1.2 <D

Out[49]=

- 0.5 0.5 1.0

0.5

1.0

1.5

2.0

2.5

In[52]:= H@x_ D : = HExp@- Hx - 2L ^ H- 2LD• HExp@- x ^ H- 2LD+ Exp@- Hx - 2L ^ H- 2LDLL *
HExp@- Hx + 3L ^ H- 2LD• HExp@- x ^ H- 2LD+ Exp@- Hx + 3L ^ H- 2LDLL *
HExp@- Hx - 5L ^ H- 2LD• HExp@- x ^ H- 2LD+ Exp@- Hx - 5L ^ H- 2LDLL

Untitled-1   5

In[45]:= F@x_ D : = Exp@-Hx - 1L ^ H-2LD• HExp@-x ^ H-2LD+ Exp@-Hx - 1L ^ H-2LDL
G@x_ D : = Exp@-x ^ H-2LD• HExp@-x ^ H-2LD+ Exp@-Hx - 1L ^ H-2LDL
Plot @H1 - 3 x ^ 2L * F@xD+ Hx - 1L * G@xD, 8x, -0.5 , 1.2 <D

Out[47]=

- 0.5 0.5 1.0

- 0.4

- 0.2

0.2

0.4

0.6

0.8

1.0

In[48]:= Plot @H1 + 2 x - 2 x ^ 2L * F@xD+ HHx - 1L - 3 Hx - 1L ^ 2L * G@xD, 8x, -0.5 , 1.2 <D

Out[48]=

- 0.5 0.5 1.0

- 0.5

0.5

1.0

In[49]:= Plot @H1 - 2 x + 3 x ^ 2L * F@xD+ H1 + 3 * Hx - 1LL * G@xD, 8x, -0.5 , 1.2 <D

Out[49]=

- 0.5 0.5 1.0

0.5

1.0

1.5

2.0

2.5

In[52]:= H@x_ D : = HExp@-Hx - 2L ^ H-2LD• HExp@-x ^ H-2LD+ Exp@-Hx - 2L ^ H-2LDLL *

HExp@-Hx + 3L ^ H-2LD• HExp@-x ^ H-2LD+ Exp@-Hx + 3L ^ H-2LDLL *

HExp@-Hx - 5L ^ H-2LD• HExp@-x ^ H-2LD+ Exp@-Hx - 5L ^ H-2LDLL
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(b) To Òkill two birds with one stoneÓwe can manipulate the Talyor approximations from the
above:

f (x)g(x) " (1 + 2x ! 2x2)(1 ! 2x + 3x2) " 1 ! 3x2 near x = 0;

f (x)g(x) "
$
(x ! 1) ! 3(x ! 1)2%

á[1 + 3(x ! 1)] " (x ! 1) near x = 1.

In particular , (f ág)!(0) = 0, (f ág)!(1) = 1, (f ág)!!(0) = ! 6 and (f ág)!!(1) = 0.
In[45]:= F@x_D : = Exp@-Hx - 1L^ H-2LD ê HExp@-x ^ H-2LD + Exp@-Hx - 1L^ H-2LDL

G@x_D : = Exp@-x ^ H-2LD ê HExp@-x ^ H-2LD + Exp@-Hx - 1L^ H-2LDL
Plot @H1 - 3 x ^ 2L * F@xD + Hx - 1L * G@xD, 8x, -0.5 , 1.2 <D

Out[47]=

- 0.5 0.5 1.0

- 0.4

- 0.2

0.2

0.4

0.6

0.8

1.0

In[48]:= Plot @H1 + 2 x - 2 x ^ 2L * F@xD + HHx - 1L - 3 Hx - 1L^ 2L * G@xD, 8x, -0.5 , 1.2 <D

Out[48]=

- 0.5 0.5 1.0

- 0.5

0.5

1.0

In[49]:= Plot @H1 - 2 x + 3 x ^ 2L * F@xD + H1 + 3 * Hx - 1LL * G@xD, 8x, -0.5 , 1.2 <D

Out[49]=

- 0.5 0.5 1.0

0.5

1.0

1.5

2.0

2.5

In[52]:= H@x_D : = HExp@-Hx - 2L^ H-2LD ê HExp@-x ^ H-2LD + Exp@-Hx - 2L^ H-2LDLL *

HExp@-Hx + 3L^ H-2LD ê HExp@-x ^ H-2LD + Exp@-Hx + 3L^ H-2LDLL *

HExp@-Hx - 5L^ H-2LD ê HExp@-x ^ H-2LD + Exp@-Hx - 5L^ H-2LDLL
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(c) We compute:

f (g(x)) " f (1 ! 2x + 3x2) "
$
1 ! 2x + 3x2 ! 1

%
! 3

$
1 ! 2x + 3x2 ! 1

%2

= ! 2x + 3x2 ! 3
*
! 2x + 3x2+2

" ! 2x ! 9x2.

Thus, (f ' g)!(0) = ! 2, (f ' g)!!(0) = ! 18.In[28]:= Plot@- 2 x - 9 x^2, 8x, - 0.1, 0.1<D

Out[28]=

-0.10 -0.05 0.05 0.10

-0.2

-0.1

0.1

In[37]:= ParametricPlot@88x, 1 - 2 Hx - 1L + 9 Hx - 1L^2<, 80, x<<, 8x, 0.95, 1.1<, AspectRatio ¯ 1 ê 2D

Out[37]=

0.2 0.4 0.6 0.8 1.0

0.95

1.00

1.05

1.10

In[41]:= Plot@HExp@- x^H- 2LD * Exp@- Hx - 2L^H- 2LDL ê
HHExp@- x^H- 2LD + Exp@- Hx - 1L^H- 2LDL * HExp@- Hx - 1L^H- 2LD + Exp@- Hx - 2L^H- 2LDLL, 8x, - 1, 3<D

Out[41]=

-1 1 2 3

0.2

0.4

0.6

0.8

1.0

4   Untitled-1

(d) We have:

g (f (x)) " g
*
(x ! 1) ! 3(x ! 1)2+

" 1 ! 2
$
(x ! 1) ! 3(x ! 1)2%

+ 3
$
(x ! 1) ! 3(x ! 1)2%2

" 1 ! 2(x ! 1) + 6(x ! 1) + 3(x ! 1)2

= 1 ! 2(x ! 1) + 9(x ! 1)2.

This implies (g ' f )!(1) = ! 2 and (g ' f )!!(1) = 18.
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Plot @-2 x - 9 x ^ 2, 8x, -0.1 , 0.1 <D

-0.10 -0.05 0.05 0.10

-0.2

-0.1

0.1

In[4]:= ParametricPlot @88x, 1 - 2 Hx - 1L + 9 Hx - 1L ^ 2<, 80, x - 1<, 8x - 1, 0<<,
8x, 0.9 , 1.1 <, AspectRatio Ø 1 • 2D

Out[4]=

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

1.2

Plot @HExp@-x ^ H-2LD* Exp@-Hx - 2L ^ H-2LDL •
HHExp@-x ^ H-2LD+ Exp@-Hx - 1L ^ H-2LDL * HExp@-Hx - 1L ^ H-2LD+ Exp@-Hx - 2L ^ H-2LDLL, 8x, -1, 3<D

-1 1 2 3

0.2

0.4

0.6

0.8

1.0

4   calc1-StudyGuide2-graphics.nb

(e) Here we can simply usethe quotient rule:
,

f
g

- !

(0) =
f !(0)g(0) ! f (0)g!(0)

g(0)2 =
2 á1 ! 1 á(! 2)

12 = 4

,
f
g

- !

(1) =
f !(1)g(1) ! f (1)g!(1)

g(1)2 =
1 á1 ! 0 á3

12 = 1.

(f ) This is a chain rule problem:
*
f 2+!

(0) = 2f (0)f !(0) = 2 á1 á2 = 4
"

ef
#!

(0) = ef (0) áf !(0) = e1 á2 = 2e

(ln(g)) ! (1) =
1

g(1)
ág!(1) = 3

(sin(2! g)) ! (1) = cos(2! g(1)) á2! g!(1) = cos(2! ) á6! = 6! .

Drawing complete graphs....

(1) Here we have
f !(x) = 9x2 ! 898x ! 200.

From the quadratic formula we get the zeros of f ! are

x = 100 and x = !
2
9

.

Since
f !!(x) = 18x ! 898

and since f !!(100) > 0, f !!(! 2
9) < 0 we see that the function f reaches it s local maximum at x = ! 2

9
and its local minimum at x = 100. The value of the local maximum is f (! 2

9) " 22.24 while the
value of the local minimum is f (100) = ! 1510000. Hencewe have the following graph:In[5]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, -30, 160<D

Out[5]=

50 100 150

-1.5µ106

-1.0µ106

-500000

500000

In[7]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, -5 • 9, 3 • 9<D

Out[7]=

-0.4 -0.2 0.2

-100

-80

-60

-40

-20

20

In[10]:= Plot @x * Exp@-50 x ^ 2D, 8x, -0.3 , 0.3 <D

Out[10]=
-0.3 -0.2 -0.1 0.1 0.2 0.3

-0.06

-0.04

-0.02

0.02

0.04

0.06

We note that the graph only seemingly touches the x-axis near the origin. The behavior of the
graph near the origin is more apparent in the following graph:
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In[5]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, -30, 160<D

Out[5]=

50 100 150

-1.5µ106

-1.0µ106

-500000

500000

In[7]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, -5 ê 9, 3 ê 9<D

Out[7]=

-0.4 -0.2 0.2

-100

-80

-60

-40

-20

20

In[10]:= Plot @x * Exp@-50 x ^ 2D, 8x, -0.3 , 0.3 <D

Out[10]=
-0.3 -0.2 -0.1 0.1 0.2 0.3

-0.06

-0.04

-0.02

0.02

0.04

0.06(2) Here we have

f !(x) = e" 50x2 *
1 ! 100x2+

.

Therefore, the zerosof f ! are x = ± 0.1. Next we compute the second derivative:

f !!(x) = e" 50x2
(! 100x)

*
1 ! 100x2+

+ e" 50x2
(! 200x) = ! 100xe" 50x2

(3 ! 100x2).

Thus, we have f !!(0.1) < 0 and f !!(! 0.1) > 0. In other words, the function f reaches its local
maximum at x = 0.1 (the value of the maximum in f (0.1) " 0.0607) and its local minimum at
x = ! 0.1 (the value of the minimum is f (! 0.1) " ! 0.0607).

In[5]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, - 30, 160<D

Out[5]=

50 100 150

-1.5µ106

-1.0µ106

-500000

500000

In[7]:= Plot @3 x ^ 3 - 449 x ^ 2 - 200 x, 8x, - 5 • 9, 3 • 9<D

Out[7]=

-0.4 -0.2 0.2

-100

-80

-60

-40

-20

20

In[10]:= Plot @x * Exp@- 50 x ^ 2D, 8x, - 0.3 , 0.3 <D

Out[10]=
-0.3 -0.2 -0.1 0.1 0.2 0.3

-0.06

-0.04

-0.02

0.02

0.04

0.06

(3) Here we have

f !(x) = e" x(! x2 + x + 6) = ! e" x(x ! 3)(x + 2) and

f !!(x) = e" x(x2 ! 3x ! 5).

The roots of f ! are x = 3 and x = ! 2 Since f !!(3) < 0 and f !!(! 2) > 0 we seethat the function f
reaches its local minimum of f (! 2) " ! 22.17 at x = ! 2, and its local maximum of f (3) " 0.2 at
x = 3. In[14]:= Plot @Exp@-xD* Hx ^ 2 + x - 5L, 8x, -3, 5<D

Out[14]= - 2 2 4

- 20

- 10

10

20

In[32]:= Plot @Exp@-xD* Hx ^ 2 + x - 5L, 8x, 0, 5<D

Out[32]=

1 2 3 4 5

- 5

- 4

- 3

- 2

- 1

In[18]:= Plot @5 x ^ 3 + 487 x ^ 2 - 65 x, 8x, -90, 20<D

Out[18]=

- 80 - 60 - 40 - 20 20

100000

200000

300000

400000

500000

600000

700000

2   Untitled-1

To make thin gs more clear we also present the graph near x = 3:

In[14]:= Plot@Exp@- xD* Hx^2 + x - 5L, 8x, - 3, 5<D

Out[14]= -2 2 4

-20

-10

10

20

In[32]:= Plot@Exp@- xD* Hx^2 + x - 5L, 8x, 0, 5<D

Out[32]=

1 2 3 4 5

-5

-4

-3

-2

-1

In[18]:= Plot@5 x^3 + 487 x^2 - 65 x, 8x, - 90, 20<D

Out[18]=

-80 -60 -40 -20 20

100000

200000

300000

400000

500000

600000

700000

2   Untitled-1
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(4) Here we have

f !(x) = 15x2 + 974x ! 65 and

f !!(x) = 30x + 974.

The roots of f ! can be found by the quadratic formula; they are x = 1
15 and x = ! 65 Since

f !!(! 65) < 0 and f !!( 1
15) > 0 we see that the function f reaches its local minimum of f ( 1

15) " ! 2.17
at x = 1

15, and its local maximum of f (! 65) = 688675 at x = ! 65.

In[14]:= Plot @Exp@-xD* Hx ^ 2 + x - 5L, 8x, -3, 5<D

Out[14]= - 2 2 4

- 20

- 10

10

20

In[32]:= Plot @Exp@-xD* Hx ^ 2 + x - 5L, 8x, 0, 5<D

Out[32]=

1 2 3 4 5

- 5

- 4

- 3

- 2

- 1

In[18]:= Plot @5 x ^ 3 + 487 x ^ 2 - 65 x, 8x, -90, 20<D

Out[18]=

- 80 - 60 - 40 - 20 20

100000

200000

300000

400000

500000

600000

700000

2   Untitled-1

To make thin gs more clear we also present the graph near x = 0:
In[23]:= Plot @5 x ^ 3 + 487 x ^ 2 - 65 x, 8x, -0.15 , 0.25 <D

Out[23]=

- 0.1 0.1 0.2

5

10

15

20

In[24]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, -90, 30<D

Out[24]=

- 80 - 60 - 40 - 20 20

100000

200000

300000

400000

In[26]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, -0.3 , 0.6 <D

Out[26]=

- 0.2 0.2 0.4 0.6

20

40

60

Untitled-1   3

(5) Here we have

f !(x) = 12x2 + 730x ! 122 and f !!(x) = 24x + 730

The roots of f ! are x = 1
6 and x = ! 61. Since f !!( 1

6) > 0 we have a local minimum at x = 1
6 of

f ( 1
6) " ! 10.18. Likewise, since f !!(! 61) < 0 we have a local maximum at x = ! 61 of f (! 61) =

457683.

In[23]:= Plot @5 x ^ 3 + 487 x ^ 2 - 65 x, 8x, - 0.15 , 0.25 <D

Out[23]=

-0.1 0.1 0.2

5

10

15

20

In[24]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, - 90, 30<D

Out[24]=

-80 -60 -40 -20 20

100000

200000

300000

400000

In[26]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, - 0.3 , 0.6 <D

Out[26]=

-0.2 0.2 0.4 0.6

20

40

60

Untitled-1   3

To make thin gs more clear we also present the graph near x = 0:
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In[23]:= Plot @5 x ^ 3 + 487 x ^ 2 - 65 x, 8x, - 0.15 , 0.25 <D

Out[23]=

-0.1 0.1 0.2

5

10

15

20

In[24]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, - 90, 30<D

Out[24]=

-80 -60 -40 -20 20

100000

200000

300000

400000

In[26]:= Plot @4 x ^ 3 + 365 x ^ 2 - 122 x, 8x, - 0.3 , 0.6 <D

Out[26]=

-0.2 0.2 0.4 0.6

20

40

60

Untitled-1   3

Optimization Problems....

(1) Let the sides of the rectangle be a and b.
(a) We only have one constraint here:

2a + 2b = 100,

from which we learn that (for instance) b = 50! a. The quanti ty we need to maximize is the
area, a áb. Since b = 50! a from our constr aint we seethat the area functi on is simply:

f (a) = a(50 ! a) = ! a2 + 50a.

Since f !(a) = ! 2a + 50 we are lead to investi gate the value of a = 25. We have f !!(a) = ! 2
and in particular f !!(25) < 0, which means that the area function reaches its maximum at
a = 25. The corresponding value of b is

b = 50! 25 = 25.

Thus, the best dimensions here are 25( 25.

(b) This is similar to the above, but we have addition al const raints: a, b ) 3. Note that the
original constraint 2a + 2b = 100 impl ies that a, b * 47. Thus, we are to study the functi on
f (a) = ! a2 + 50a for the values of a in the interval [3, 47]. The study of derivatives of f
proceeds as above in part (a). Thus f has no local minima. To Þnd the global minimum
of f we need to investigat e the endpoints of the interval [3, 47] (draw the graph!). Since
f (3) = f (47) = 141 we see that both a = 3 and a = 47 give us the smallest possible area (of
141 square feet). Since a = 3 impli es b = 47, and since a = 47 impli es b = 3 we see that the
most optimal dimensions are 3 ( 47.

(2) We let a and b denote the sidesof the two identi cal adjoining rectangles, with b corresponding to
the common side of the two rectangles. We have the constraint

4a + 3b = 120.

We need to maximize the enclosedarea, which can be expressedas (2a) áb.
We proceed by consolidating variables. The constraint implies a = 30 ! 3

4b, meaning that the
area functi on is simply

f (b) = 2
,

30!
3
4

b
-

b = !
3
2

b2 + 60b.

Studying derivatives leads us to the conclusion that f reaches it s maximum at b = 20. The
corresponding value of a is

a = 30!
3
4

á20 = 15.

This meansthat the dimensions of the biggest area are 30 ( 20; this corral has two pens each of
dimensions15( 20.
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(3) We let a denote the side of the rectangle corresponding to the two facing walls of the showroom.
We note that due to doors thesetwo sidesthese two facing sidescontrib ute only

2(a ! 6)

feet to the whole length of the wall. Let b denote the remaining side(s) of the rectangle. There is
one wall here which is (b! 10) feet long. In parti cular, the total length of the wall is

2(a ! 6) + (b! 10) = 2a + b! 22;

th is is the quantit y we need to minimize. Note that our constraints here are that a, b > 0 and that

a áb = 800 i.e. b =
800
a

.

Combining all of thi s we seethat the problem boils down to Þnding the minimum of the functi on

f (a) = 2a +
800
a

! 22.

From the Þrst derivative

f !(a) = 2 !
800
a2

we seethat the only candidates for the (local) minimum are a = ± 20. In fact, we need to rule out
a = ! 20 as it violat es our constraint a > 0. Since f !!(a) = 1600a" 3 we have f !!(20) > 0 so that
we indeed have a minimum of f at a = 20. This can also be conÞrmed by a graph. Note that the
value of b corresponding to a = 20 is

b =
800
20

= 40.

Thus, the best dimensionsof the showroom are 20( 40 feet, with the sideof 20 feet having the two
6 foot door openings.

(4) This solution assumes wooden trim is also used along the division line between the
rectangle and the semi-circle. Let r be the radius of the semicircle; the bottom horizontal side
of the window is therefore 2r . Let h be the height of the rectangular part of the window (i .e. the
height of the window not including the semicircle). The perimeter of the window, including the
division line between the rectangular and the semi-circular part, is then

(2r ) + h +
1
2

(2! r ) + h + (2r ) = 4r + 2h + ! r.

The constraint given in the problem is that

4r + 2h + ! r = 8 + ! ,

along with r, h > 0. We need to maximize the area of the window,

(2r )h +
1
2

! r 2.

We proceed by eliminating a variable, so that the problem reduces to maximizing the function
of a single variable. From the constraint 4r + 2h + ! r = 8 + ! we see that h = 4 ! 2r + π

2 ! π
2 r .

Inserting th is into the expression for the area of the window we get

(2r )
"

4 ! 2r +
!
2

!
!
2

r
#

+
1
2

! r 2 = !
"

4 +
!
2

#
r 2 + (8 + ! )r.

This meansthat we should study the functi on

f (r ) = !
"

4 +
!
2

#
r 2 + (8 + ! )r

and its derivatives

f !(r ) = ! (8 + ! )r + (8 + ! ), f !!(r ) = ! (8 + ! ).
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It follows that f reaches its maximum at

r =
8 + !
8 + !

= 1 foot.

The corresponding value of h is

h = 4 ! 2 +
!
2

!
!
2

= 2 feet .

In other words, the rectangle part of the biggest window is of dimensions

2 ( 2 feet.

(5) Let x be the side of the square being cut out. The dimensionsof the resulting box are:

(1 ! 2x) ( (2 ! 2x) ( x.

Our constraints here are that x be in the interval [0, 0.5]. The volume, which we need to maximize,
is given by

V(x) = x(1 ! 2x)(2 ! 2x) = 4x3 ! 6x2 + 2x.

We seefrom the derivatives of this functi on,

V !(x) = 12x2 ! 12x + 2, V !!(x) = 24x ! 12,

that local maximum of this functi on is reached at x " .211 and that the local minimum of the
function is reached at x " .789. It follows that the function V reaches its global maximum on the
interval [0, 0.5] at x " 0.211. The largest volume th is box can have is approximately

V (0.211) " 0.19m3.

(6) Welet x denote thedepth of the gutter. In other words, the crosssection of the gutter isa x( (1! 2x)
rectangle. The capacity of the gutter, which we need to maximize, is 20x(1 ! 2x). We donÕthave
constraints here, other than x > 0. To maximize the function f (x) = 20x(1 ! 2x) = ! 40x2 + 20x
we consider its derivatives

f !(x) = ! 80x + 20 and f !!(x) = ! 80,

from which we easily see that the maximum of f is reached at x = 1
4. Thus, the sheet should be

bent in such a way that the depth of the gutter is 1
4 foot.

(7) We let a denote the side of the square base, and h the height of the box. We have the constraint

a2h = 250.

The quanti ty we need to minimize is

a2 + 8ah + 7a2 = 8a2 + 8ah = 8
,

a2 + a á
250
a2

-
= 8

,
a2 +

250
a

-
.

In fact, it su!c esto minimize the funct ion

f (a) = a2 +
250
a

on the set of positive valuesof a. Using f !(a) = 2a! 250
a2 and f !!(a) = 500

a3 we see that the minimum
is reached at a = 5 inches. The corresponding height of the box is

h =
250
52 = 10 inches.
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(8) The location where the pipeline reaches the shore is located 25 miles north and an unknown, x,
number of miles to the east of the rig. The length of the underwater pipeline is therefore

#
x2 + 625.

The cost of building this pipeline is

50
!

x2 + 625 mill ions of dollars.

The location where the pipeline reachesthe shore is located 8 ! x miles to the west of the storage
tank, and 5 miles south. The length of the pipeline on land is therefore

!
(8 ! x)2 + 25. Thi s part

of the pipeline contrib ute

20
!

(8 ! x)2 + 25 mill ion dollars

to the total cost of the constructi on. Overall, the cost of the constr uction is

C(x) = 50
!

x2 + 625+ 20
!

(8 ! x)2 + 25.

This is the function we need to minimize. The constraint is implicitly given by 0 * x * 8.
By graphing the function C(x) in the viewing window 0 * x * 8 we seethat C(x) indeed reaches

a local minimum. To Þnd it we need to solve the equation C!(x) = 0, which boils down to

50x
#

x2 + 625
!

20(8! x)
!

(8 ! x)2 + 25
= 0.

This equation, unfortunately, can only be solved numerically. A solver software on a calculator
givesx " 5.1. In other words, the pipeline should emerge out of the water 5.1 miles to the east of
the rig.

(9) Let x denote the number of peaches per acre. The averageyield of the trees is then

200! 5(x ! 30) = 350! 5x pounds per tr ee.

Thus, we need to maximize the funct ion

f (x) = x(350! 5x) = ! 5x2 + 350x.

Using derivatives we easily seethat the maximum of this function is reached at x = 35. The yield
per tr ee is then 175 pounds, and the tot al yield per acre is

35( 175= 6125 pounds.

(10) Here we need to maximize the expression

d
dx

$
1 + 40x3 ! 3x5%

= 120x2 ! 15x4,

which describes the slope of the tangent line to the given graph. For f (x) = 120x2 ! 15x4 we have

f !(x) = 240x ! 60x3 = 60x(2 ! x)(2 + x)

and thus our candidates are
x = 0, x = 2, x = ! 2.

Furth ermore, since f !!(x) = 240! 120x2, f !!(0) > 0 and f !!(± 2) < 0 we see that the maximum is
only reached at x = ± 2. In other words, the graph of y = 1+ 40x3 ! 3x5 is the steepest at x = ± 2
where its slope is f (± 2) = 240.

(11) Here the functi on we need to maximize is

df
dt

= 27t ! 3t2.

Note that our constraint is 0 * t * 9. Since d
dt (27t ! 3t2) = 27! 6t and since d2

dt2 (27t ! 3t2) = ! 6 < 0
we see that the maximum of 27t ! 3t2 is reached for t = 27

6 = 4.5. Thi s moment in ti me corresponds
to 1:30 PM. Thus, the bank is the busiest at 1:30 PM.
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(12) Let a and b denote the dimensions of the printed area of the advertisement, with a denoting the
horizontal side of the printed region. The dimensionsof the entir e advertisement are

(a + 2) ( (b+ 4).

We have the const raint that
ab= 92, a > 0, b > 0

and we need to minimize the expression

(a + 2)(b+ 4) = (a + 2)
,

92
a

+ 4
-

= 92+ 4a +
184
a

+ 8 = 100+ 4a +
184
a

.

For the function f (a) = 100+ 4a + 184
a we have

f !(a) = 4 !
184
a2 and f !!(a) =

368
a3 ,

and from here it is easy to see that f reaches its minimum at a =
.

184
4 " 6.78 inches. The

remaining side of the printed region is

b =
92

6.78
" 13.56.

Overall, the most optimal dimensions of the printed region are

6.78( 13.56 inches,

with 6.78 inchesbeing the horizontal side of the printed region.


